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PREFACE

This little book on Algebra has been prepared for the use of

students in their First Year at the University other than those

following the special course in Mathematics and Physics. Students

of whom is required the Algebra of the General Course will find the

work covered in the first four chapters, while students who are taking

any of the special courses in Pure Science or any of the courses in the

School of Practical Science will read in addition Chapters V and YI.

Chapter Yll has been added to meet the needs of those students who

are to study the Calculus in their Second Year.

A. T. DeL.
Toronto, October 25, 1903.

PREFACE TO THE ENLARGED EDITION

The part of the subject treated in the first edition of the Inter-

mediate Algebra is nearly the same as that prescribed for the Senior

Leaving and Honour ^Matriculation Examinations. It has been

thought that, with some additions, the book might be found of use in

the High Schools and Collegiate Institutes. These additions have

been made, and have taken the form of a series of graded exercises.

In these exercises there is developed, incidentally to a review of the

work previously explained, what may be described as the essential
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facts ill Scales of Notation, Induction, Inequalities, Elimination,

Maxima and Minima.

Tlie idea of the book, so to speak, is to secure to the student as early

as possible a knowledge of the important and outstanding facts in that

part of the subject under study, and later, through -constant review

and the working of instructive exercises, to help him to acquire

power over tliese facts and bring, them into just relation. To this

end the exercises given in the text proper are for the most part

simple and illustrative. The miscellaneous exercises, in the main more

difficult, have been made, or selected, and arranged with a view to

affording progressive review rather than tests of ingenuity.

The edition prepared for the use of classes in the General Course

and certain Courses in Science in tlie University of Toronto will

continue to be published.

A. T. DeLu

Toronto, July 25, 1904.
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CHAPTER I

EQUATIONS

1. Preliminary. In the expression 2x - 3 appear the numbers

2, — 3, X. Of tliese, 2, - 3, having definite values which cannot change,

are called constants, while the number x, regarded as capable of

assuming different values, is called a variable. In general, it is

supposed that the variable x may assume, or pass through, all assign-

able positive or negative values, as well as the value zero. Numbers

generally present themselves as measuring some physical or geometrical

quantity, the constant measuring a certain definite quantity and the

variable measuring a quantity undergoing change. On this account

numbers and expressions involving numbers are frequently spoken of

as quantities. It is to be noted, too, that, in the case of variable

quantities, the physical or geometrical conditions may be sucli as to

limit the range of variation of the variable.

A convenient and useful representation of number, whether constant

or variable, is found in the straight line regarded as indefinitely

produced each way. A point O is taken, in this line, as origin, or

place from which measurements are made.

-7 -2-1012 7 X

Each point on this line, being at a certain distance from the origin,

can be looked upon as carrying a certain number, namely, the measure

of the distance of that point from the origin. It is agreed that

positive numbers are to be carried by points to the right of the origin,

and negative numbers by points to the left, while the number zero

is carried by the point O, the origin. A fixed point on the line

represents a constant number ; a point, moving or regarded as capable

of moving in the line, a variable number.
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Return now to the expression 2x - 3. If to x be assigned the values

J^ 1 U 2

the values of 2x - 3 are found to be

-3, -2, -1,0, 1

It follows then that 2.x - 3 is also a variable.

Any quantity whose value is determined when the value of a

certain variable quantity, as x, is given, is called a function of that

variable. Thus, 2x - 3 is a function of x. This function is further

described as One-dimensional, or linear in the variable x.

As has been seen, the linear function '2x - 3 is a variable, its value

depending on and changing with that of x. On this account x is

called the" independent variable, and if the value of the function

2.T - 3 is denoted by n, then it is called the dependent variable.

The relation of u to x can be exhibited by means of a diagram. First,
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distance 2 from N in the direction OTJ. Then this point S indicates by

its distance from the point N in OX, just below it, the value of u for

x= 2^, the value carried by N.

Next, for x=2, carried by the point M, the value of u is 1, and, as

before, the point R, indicates by its position that the value of ic is 1 if

x = 2.

So for x= H, carried by the point L, the value of ic is 0, and the

point Q (the same point as L) on the line X'OX indicates this fact.

For .T= 1, carried by the point K, the value of ?«. is - 1. We agree

to indicate negative values of u by measurements made below the line

X'OX, so that the point P indicates that u= - \ for x=\.

Thus, to each value of x corresponds a value of it, and if we

construct the assemblage of points PQRS gi^'ii^g the values of n

corresponding to the values of x belonging to all the points on X'OX,

a continuous line PQRS will be formed. Here this continuous

line is found to be a straight line. It is said to be the graph of the

function 2x - 3, and, as has been explained, it puts in evidence the

value of the function for any or all values of x considered. The lines

X'OX, UOU', to which the measurements determining the graph have

been referred, are called the axes.

Consider now the expression ax + b. Here it is supposed that a

and b are constants, and that x is a variable, so that ax+ 6 is a

linear function of x. The numbers a and b may have any values, but,

whatever be these values, they are constant. The expression ax + b is

thus the general linear function of x. For any given values of a

and b the graph of ax + b may be constructed, and can be seen to be a

straight line.

An expression as

3a: — 5

in accordance with what has been stated, is a function of x. It is also

a linear function of x as in it x appears in the first and no higher

degree. Here, however, x occurs in the denominator, or, in other

words, the function is fractional in its relation to x. On this account

it is said to be a fractional linear function of x, while a function as

ax + b is said to be an inteffral linear function.
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EXERCISES

1. Construct the graph of the following linear functions

x-7, Sx, 2.C + 4, G-8x.

2. Construct the gra])h of

X + 3

2a: -1

for values of o: in the interval ( - 2, + 2).

3. Show that, whatever be the values of a and 6, the graph of a.r + 6 is a

straight line.

Hence shew that when two values of any integral linear function have

been found the graph may be constructed.

2. Significance of an Equation. Suppose that the solution of

the following simple problem is required :

Find the number, the double of which diminished by 3 is equal to

zero.

Let X denote the number. Then by the condition given

2a; - 3 = 0.

We have here an equation, a statement to the effect that the expression

2x - 3 ^5 equal to zero. It is readily seen that

2x = 3 and x = \h.

The role of the equation is now manifest. If it had been a question of

the expressio7i orfunction 2x - 3 only, we should have regarded x as a

variable, and as x varied the value of 2r:c - 3 also would have varied.

The equation declares that 2x - 3 is not to vary but to have the definite

value zero, and it follows that x is not a variable but has a determinate

value 1|. In an equation then, as the one just treated, the x^ which is

not a variable but a definite number whose value is sought, will be

called the unknown quantity, or simply the unknown. The value

of the unknown is called the root of the equation.

The relation of the expression 2x - 3 to the equation 2a: - 3 = is

now clear. For different values of x the expression takes different

values ; the equation makes it impossible for x to vary, and we are

required to find the invariable or definite value of x which will make
2a; - 3 equal to zero. In like manner we could find the value of x that
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would make 2x - 3 equal to any given number. The graph constructed

in the preceding Art. puts this in evidence, as well as the fact that

when 2x* - 3 = 0, the value of x is 1|.

Not infrequently there present themselves equalities which are not

equations like the one considered, in that they do not require that x

should have a definite value, but hold for all values of x. Such, for

example, is the relation

(a; 4-1) {x-l) -{x^-l) =

or, which is the same thing,

(x+l){x-l) =x^-l.

If the implied multiplication is performed it is seen that the equality

holds whatever be the value of x, or, in other words, that (x+1) {x - I)

and x^ - \ are two different forms of one expression. Such an equality

is generally called an identical equation or an identity, so that

when the term equation is employed it is to be understood in the sense

first explained.

EXERCISES

1. Construct the equations pertaining to the following problems :

(1) Find two consecutive integers such that their product will exceed

the square of the less by 13.

(2) A father is three times as old as his son, but in 15 years he will

be only twice as old as his son. Find their present ages.

(3) A can run 100 yd. in 10 sec, and B in 11 sec. They start together

in a race of 100 yd. At the end of what time will A be midway
between B and the winning post ?

2. Shew that the following problems lead to identities, stating in each

case the inference to be drawn from this fact :

(1) Find three consecutive integers such that the product of the

greatest and the least is less than the square of the mean integer

by unity.

(2) Divide a straight line of given length a (units), so that the square

on the given line may be e<jual to the s([uares on the two parts,

increased by twice the rectangle contained by the parts.
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3. The Simple Equation. The general linear equation is

ax + b = 0.

It is supposed th;it a is not zero ; for if this were the case, then would

rt.c equal zero, and, therefore, also 6 equal zero, and there would be no

eijuation.

It follows at once that

ax= —b
and, therefore, that

bx= --,
a

since, a not being zero, division is possible.

These results are necessary and it follows that

:

Every linear equation has one and only one root.

It is well to suppose any such equation to have originated in some

actual problem, x measuring some quantity whose magnitude is sought.

An equation of the form

ax-^b = cx + d,,

is readily seen to be not more general than the equation ax-\-b = 0.

EXERCISES

1. Solve the equations ;

/o\ XXX
p q r ± 1. ^

f..XXX
,

be ca ao

2. The sides of a triangle are 39 ft. 42 ft., 45 ft. in length. A perpen-

dicular is drawn to the side whose length is 42 ft. from the opposite angle.

Find the length of the segments into which this side is divided.

Construct the triangle according to scale, draw the perpendicular as indi-

cated, and measure the segments to test the accuracy of the drawing.
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4. The Quadratic Expression. Consider the expression

:r2 - 4x + 3.

In this expression, tlie numbers - 4, 3 are constants and the number x

a variable. To each value of x corresponds a value of the expression.

Thus, if x is assigned the values

the values of x-

- h 0, 1, 2,

ix + 3 are found to be

8, 3, 0, - 1,

The expression x~ - ix-{- 3, for reasons already given, is then a function

of X. It is further described as a function of the second degree, or

a quadratic function as in it x occurs to the second power, and not

to any higher power. The function is integral since .r does not appear

as a denominator or as making part of a denominator, if the value of

the function is denoted by u, then ti is a variable, and a graph may be

constructed which will exhibit the dependence of u upon x.

u
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througli tlie point carrying the Vcalue 2 of r. The reason for this may

be sliewn, for we have

u = x~ - Ax + 3

= {x-2f-\.

Now, first let x = 2-k, a value k less than, or behind 2.

Then for this value of x

u = {2-k-2y-l

Next, let 11 = 2 + k, a value k greater than, or in advance of 2.

Then for this value of x

u^ (2 +y^- 2)2-1

= k^-\.

Therefore, whatever be the value of k, these two values of u are the

same, and hence any two values of x equidistant from 2 give the same

value of u, or, in other words, the graph is symmetrical about a line

through a; = 2 at right angles to X'OX.

Further, the graph indicates that the smallest value, or minimum,
of 1* is - 1, and this when .r = 2. The reason for this is manifest, for

we have
u = {x-2Y-\.

Now, (x - 2)2 is positive for all values of x except x = 2, when (x - 2)^

is equal to zero. When, therefore, x is equal to 2, the value of w is

the smallest possible.

The general linear quadratic function may be written

ax- + bx + c

and for any assigned values of the constants a, b, c, the behaviour of

the function under the variation of x may be studied, and indicated by

a diagram.
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EXERCISES

1. Construct the graphs of the following functions :

x\ x^-1, x^-x + G, x''-2x + 3.

In each case find the niinimuni of the function and the value of x which

gives this minimum.

2. Construct the graphs of the following functions :

-.«Ha3-6, -x\ -x^ + 1, 3-\-2x-x\

In each case find the maximum of the function and the value of x which

gives this maxiniuui.

3. Construct the graphs of the following functions :

2x' - 3x - 5, Sx"^ - 5x + 7, 4 + 5x - 2x-.

In each case find the minimum or maximum of the function and the corres-

ponding value of X.

4. Construct the graph of the fractional quadratic function

x^-x-2
x'^ -5x + 6

for values of x between - 2 and -f-4.

5. Quadratic Equations. Suppose that the solution of the

following problem is required :

Divide the number 4- i^^-^o two j^arts such tluit the sum of the j^cLT^ts

exceeds their i^oduct by 1.

If one part be the number x, then the other part is 4 - x.

The sum of the parts = 3c + (4 - x-) = 4.

The product of the parts ^x {\ - x).

•^ 4 _ X (4 -x) = \

•

a:2_4.,. + 4 ^i
• a:-2-4x + 3 =0.

In this quadratic equation, x is presumably not a variable but some

definite number, an unknown as yet. We are to seek the value of x in

this equation, or, in other words, to solve the equation.
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If now
a;2 - 4a: + 3 =

then must
(x-Z) (a:-l) =

and conversely. This last relation is satisfied if either

(1) .T-3 = 0, i.e., x = ?>; for then x-3 = and x-\ = 2, so that

the product (^'-3) {x - \) is equal to zero,

or

(2) a; - 1 = 0, i.e., x=\, for then x-\= 0, and .t - 3 = - 2, so that

the product {x-Z) {x-\) is equal to zero.

Thus the equation has two roots, namely 3 and 1, and it follows that

X does not represent a definite number but one of two definite numbers.

This is a result that might have been expected, since, x standing for

one of the two parts, and the equation having been formed on this

supposition, each part has an equal claim to recognition.

The root a: = 3 gives 3 and 1 as the two parts of 4, and the root

x=\ gives 1 and 3 as those parts, so that the two solutions refer to

one mode of division, the parts being mentioned in difierent orders.

Further, no value of x other than 3 and 1 will satisfy the equation,

for any such value would make neither x -Z nor re - 1 equal to zero

and the product {x - Z) {x-\) could not then be zero. Thus, this

quadratic equation has two and only two roots. Tt is to be noted, too,

that the solution of this quadratic equation consists in replacing it by

two linear equations.

The graph of the function given in Art. 3 brings out the fact that

for x=\.ov x = Z the value of the function x- - 4a; + 3 is zero.

As in the case of the linear equation it is well to regard an}'- proposed

quadratic equation as having originated in some problem, x denoting

some unknown number whose value is sought.

We shall now study the general quadratic equation with a view to

discover general properties of such equations. Let the general quadratic

equation be

ax"^ + 6.T + c =

^here a is supposed not to be zero.
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Then must

« ( X- + - X + -\ =
\ a a/

h 62 X / 62

LV a 4a-V \4a2 a)J

b••-[(-0-(^^^y]=^

^ 'la -la ^ ^ -« 2a ^

^ 2« / V 2a y

This last equation is then satisfied by those vahies of x which satisfy

the proposed e(j nation and conversely. Now, in order that this last

equation may be satisfied either

b+ y/b- - iac
(i)•^'^

^ nmst equal zero, which requires that

^- -b-yb^-4ac
,

2a
or

b-i/b'^-Aac
, , . , . ,i)xA must equal zero, which requires that

^_ -b+i/b-^-iac,

2a

Plainly any value of x other than these will give to the factors

on the left a value different from zero, so that the expression on the

left cannot vanish. Accordingly,

The gejieral quadratic equation has tivo and only two roots.

From the solution above given it is plain that the factoring of the

expression ax~ + bx + c, and the solving of the equation ax- -\- bx + c =

are equivalent problems. The quadratic expression can ahvuys be

presented as the product of two factors linear in x and, it may be, an

additional factor not involving x ; the quadratic equation is solved

by replacing it by two linear equations. This relationship of the

expression and the equation may be brought out otherwise, as follows.
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Denote the roots of the equation ax- + bx + c = by m and n so

that, say,

m h + 1/^' -
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In this case the solution of the equation would have been as follows :

ax~ -\-bx + c =

. ( o b c}

( a a j

•••«{(
b h'~ \ / b- - 4rtc \ ^ ^

r by
I 2a/

0, since 6- - 4ac = 0.

The expression ax- + bx + c is then a perfect square, except for tlie con-

stant factor a, i.e., is a perfect square in its relation to x, and the

equation ax~ + 6x + c = has two equal roots, each being - — .

The solution of the quadratic equation leads to two remarkable

extensions of the number concept. The numbers first employed were

those that came to be called integers, as 1, 2, 3, The operation of

division, arising through the solution of the linear equation, led to

fractional numbers, as |, |, Also, algebra, dealing with general

numbers, led naturally to the introduction of negative numbers as

distinguished from positive numbers. We are now led further to

extend the domain of number.

For first, consider the equation,

.^.2 + 3,,._i=0.

The roots are found to be

-^ + V^ and -'-l^^^
2 2

The square root of 13 cannot be exactly found, i.e., cannot be expressed

as a positive or negative integer or fraction, though it may be found

to any degree of accuracy. Also, a line or other magnitude can bo

constructed which would have for measure the square root of 13. We
are thus led to call |/13 a number, an irrational number, in con-

trast to positive or negative integers or fractions which aie rational

numbers. Indeed, it is only after admitting the square root of 13 to

be a number that we can say that the equation x- + 3x- \ =0 has two

roots.
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Next, consider the equation

The roots are found to be

The synabol y'' - 16 is a symbol of something for which no equivalent

exists among the numbers already treated, for the square of any posi-

tive number or of any negative number is a positive number, and,

therefore, cannot equal - 16. After the analogy of the earlier exten-

sions, we shall call |/' - 16 a number, an imaginary number, to

distinguish it from those numbers previously considered which will be

called real numbers. These imaginary numbers are admitted as an

outcome of the laws of algebra, and they will be supposed to enter into

all operations in accordance with these laws. Thus, we say

y' -\6= |/lti X - 1 = |/16 X ^/ - 1 = di4|/ - 1,

and the roots of the equation x- - '2x + d = are

Also, it is only after admitting imaginary numbers that we can say

that the equation treated has roots.

A number, as 1 -l-*2|/ - 1, in which one part is real and the other

imaginary, is generall}^ called a complex number.

It is readily seen that: The roots of the equation ax"^ + bx }- c =

will be

(1) real and imequal, ifb~ ^ 4ac,

(2) real and equal, ifh- = iac,

(3) complex, ifb-<^4ac,

it being supposed that a, b, c, the given constants of the equation, are

real.
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EXERCISES

1. Resolve into linear factors :

x^ + 7x-b; 2x'- 7x + 5;

3 -5x-4:»-2; 7*-' -11a; + 5.

2. Solve the equations :

a:'^-7x' + 3 =0; 3x^ - 4x-6 =0;

7 -Sx-bx'^O; ,3u;--llx+ 21 = 0.

3. Witliout solving the equations, determine the character of the roots

—

whether real or imaginary, and if real whether positive or negative—of the

following :

x^-9x + 3 = 0; 2x-- 7x- 5 = 0;

2x2 + 5.0 + 1 = 0; 3x2-15x + 10 = 0.

4. Construct tlie equation whose roots exceed those of the equation

x^-7x+ 3 =Ohy 1,

5. Construct the equation whose roots exceed those of the equation

nx'^+ bx + c = by A.

6. Construct the equation whose roots are twice those of the equation

x''-bx + 3 = 0.

7. Construct the equation whose roots are m times those of the equation

x'^+px + q = 0.

8. Shew that each root of the equation hx'^ + 2Jix + h = is the reciprocal

of the other.

9. If m and n are the roots of the equation 2x'^~7x + 3--=0 construct the

equation whose roots are

(1) m"^ and n'^
; (2) - and -

; (3) mhi and mro^.
m n

10. If m and n are the roots of the equation ax'^-\-hx + c^-0 construct tlie

e(iuation whose roots are

(1) m^ and n'
; (2) - and -

; (3) — and J-
;

(4) m^ and u^
; (5) m^n and mn"^

; (6) - and - .

71 m

11. Find the condition that the equations x^+px-\-q^O and x'' + rx-{-s=
may ha\u a counncjn root.

12. Find the conditions that the two equations

ax"^ + 6x + c = ; px'' + qx + r =

may have the same roots.
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13. Shew that the v.ihie of the expression a:'-3.T + 2 is 2«ro for 3: = 1 or

a:= 2, is iieffative for all values of x intermediate to 1 and 2, and is positive

for all values of x exterior to the interval (1, 2).

14. Find for what values of x the expression x^ -x-\2 is zero, for what

values of x it is negative and for what values of x it is positive.

15. If the roots of the equation x'^-\-px->tq = Q are known to be real, shew

that the expression x""- -\-px -{ q is positive for values of x which are not roots

and which do not lie between the roots.

If the roots are known to be equal, or if they are known to be imaginary,

what can be inferred as to sign of the expression x'^+px + q ?

16. Divide a given straight line of length a (units) so that the rectangle

contained by the whole and one part may be equal to the square on the other

part.

Interpret the roots in Euclid's construction.

6. Equations of Degree Higher than the Second. While the

general equation of the third degree and that of the fourth degj-ee

admit solution it is not proposed to consider these solutions. However,

there will be discussed certain examples of special types which do not

require for their solution a knowledge of equations of degree higher

than the second. The general equation of the fifth or of any higher

degree does not admit algebraic solution.

It is to be remarked that the term degree is applied to an equation

only after it has been brought to the standard form (if it is not already

in that form) of a polynomial equated to zero. Thus, if an equation is

fractional in the unknown it has to be cleared of fractions with respect

to that unknown, or if it is irrational in the unknown it has to be

brought to a rational form, before we can speak of its degree. It goes

without sa3^ing that often the reduction can be anticipated and the

degree discovered.

As in the case of the quadratic equation, when an equation of any

degree is given in the form,

polynomial in x =

it will be seen that to a root of the equation corresponds a /actor of the

polynomial. This fact is so important that a formal proof will be

given. The following lemma will first be proved

:
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Lemma. -Let /{x) be any polynomial in x ; ivhen /(x) is divided

by X - m the remainder will be f{m), i.e., the result of substituting mfor
X in the jiolynomial.

Suppose f{x) divided by x - m, in the ordinary way, the division

terminating when a remainder not involving x is reached. The

quotient will be a polynomial, which denote by q{x), and the remainder,

which denote by r, will not involve x. Then from the meaning of

division we have

f{x) = q{x). {x - m) + r

an equality which holds for all values of x. Put, then, x = m and it

follows that

f{ni) = q(m). (m - m) + r

= r.

Thus r, the remainder, is the result of substituting 7n for x in the poly-

nomial.

Theorem. Let/(x) be ayiy polynomial in x ; then, ifm is a root of

the equation f{x) = 0, must x - m be a factor of f{x).

Since m is a root of f{x) = 0, then f{m) = 0. Let, now, f{x) be

divided by x - m ; as has been seen, the remainder is f{ni). But f(m)
is known to be zero ; therefore, the remainder is zero, and consequently

x - m is a factor of f{x).

The proof of the converse theorem is immediate.

Ex. 1. Solve the equation

:c*-8x--+15=0.

This equation is of degree 4 in the unknown x, but if x"^ is regarded as the

unknown the equation is quadratic. Then

which is satisfied if a:* = 3 or if a:^= 5,

i.e., if a:= + ^/3, or if :*:= ± ^^5.

Thus, the given equation of the fourth degree has the /our roots + s^3,
- s^l'A,

+ sib, - \^o, and the polynomial x*-8x'^+lo expressed as a product of

linear factors is

{x - ^/3) (x + ^/ 3) (x - V 5) (x + v^5).
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F.x. 2. Solve the equation
a:'-l = 0.

Plainly must
(x--l)(:f^+ x' + l) = 0.

The equation will be satisfied by those values of x which will make x-\ and

cc^ + x + l separately zero, i.e., by the value 1 and the roots of

x'+ x-\-l=0,

which are found to be

-l+^~^
and -l-v/~3.

2 2

Thus, the given equation of the third degree has the three roots

'

2
'

2

The equation may be put in the form x^ = \ whence it appears that x is the

cube root of unity, so that there are three such cube roots, one real, the

other two imaginary. The two imaginary roots are the roots of the equation,

a;- + x + l = 0.

Denote these roots by m and n. Then

?)i'=l, n^ = l, m +n^ - 1, mn= l.

Multiply both sides of the last relation by vi^. Then

But ?7l' = l.

n= tii^.,

and consequently, each imaginary root is equal to the square of the other.

Therefore, if one imaginary root be denoted by w, the three cube roots of

unity are

The relation vin = l declares that each imaginary root is the reciprocal of the

other.

These relations should be verified by actual computation.

Ex. 3. Solve
12x^ + ^x^ - 41a:- + 4x + 12 = 0.

This equation of the fourth degree is of special form, the co-efficients of the

terms equidistant from the beginning and the end of the arranged polynomial

being equal. The method of solution of such equations is as follows :
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Divide eacli side of tlie equ.-itioii l)y :#:'
; this is permissil-le since x is a

root of the ecjuation and it is seen that x = is not a root. Then

12x-^+ 4x - 41 + 4. i + 12.1=0
X x^

Now x'^ + -^ differs from the scjuare of x + - by 2 ; supply then 2 witiiin the

brackets of the first term, i.e., virtually 2x 12, and correct by subtracting 24.

Then

If x + - be regarded as the unknown this last is a quadratic equation. By
X

solving it is seen to be satisfied by

^1 13 ,1 5
x + -=—, or x + . =— -.

a; (j' X 2

Take (I) x +l=^
X 6

2 3
6a:'' — 13.>; + 6 = 0, whence a: = - or - .

3 2

Take (II) x + - = -^
X 2

;. 2x^ + 5a: + 2 = 0, whence x= -2 or - ^
•

2

Therefore the equation has the four roots

2 3 _ 9 _ i

The equations T and II both being of the form

x+l=k
X

or, when reduced, of the form

a:--Aa:4-l=0

will have the product of their roots equal to 1, i.e., each the reciprocal of ihe

other. On this account an equation of the type proposed will have roots

which fall into p.iirs of reciprocal numbers. Such an equation is called a

reciprocal equation.
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Ex. 4. Solve.

(x + 1 ) (x + 2) (x + 3) {x + 4) = 1680.

If tlio first and the last factors on tlie left are multiplied, and also the mean
factors the equation takes the form

(x^ + ox + 4) {x- + 5a: + 6) = 1680.

Now, treat .a*' + 5.>' 4- 4 as the unknown, for the time being, and denote it by 11.

Therefore, the eijuation becomes

»«(h+2) = 1G80

or

n2 4-2u--1680-

.-. i/.= 40 or -42.

Take (I)

Take (II)

ft:'- + 5.7: + 4 = 40

x'+ ox-36=
x= -9 or + 4.

x'^+ ox+4^ -42

cc2+ 5a: + 46=

-o±y -159

The roots of the proposed equation of the fourth degree — four in number
— are

A Q -5 + ;/-159 -5-,/ -159
4, -9, , ,

of which two are imaginary.

Ex. 5. Solve.

2a-2 + Qx- i/x{x + 3) - 1 = 17.

It is readily seen that if this equation is rationalized it will be of the fourth

degree. To avoid passing to an equation of this degree it is well to examine

tlie forms appearing in the equation. By writing the equation thus :

2{x'' + Sx)- v/a:'^ + 3a:- 1-17 =

it is seen that 0: occurs only in the grouping x- + 3x, or x^ + 3x- 1 since the

radical signs requires that cc^ + Sa:- 1 be treated as a single quantity. We,

therefore, write the equation thus :

2{x- + 3a: - 1) - y/x- + 3x - 1 - 15 = 0.



Denote \^x'^ + 3x - 1 by u.

which is a (luadratic in u.

Take (I) u = 3.

EQUATIONS

:. 2u'- 11-15 = 0.

:. ii = 3 or - |.

l/x'+ 3x-
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7. Simultaneous Equations of the First Degree. In the

» xpressioa 2u; + 3y— 13, the numbers 2, 3, - 13 are constants and the

numbers a;, y are variables, and the expression is a function of x and y
depending for its value on the values assigned to x and y.

Consider now the equation

or which is the same thing:

2.r + 3?/-13=

2a; + 3y/ = 13.

Plainly, it is an easy matter to find solutions of this equation, for if to y
be assigned any value whatever, the equation determines a value of x

which with that of y constitutes a solution. Thus, if 2/= I it is found

that x = 5, and thus x = 5, y = 1 is a solution. The equation then imposes

onlv a partial restraint upon the variables in the expression '2x+ ?>y — 13,

making the variation of one determine the variation in the other. The

following: table exhibits a series of solutions :

x=H
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at the same time. Since we now suppose x and y to denote any such

values, the x and the y in the two equations are the same. Multiplying

both sides of (1) by 2 and both sides of (2) by 3 we have the equivalent

set

4a.' +62/ = 26 (3)

9x- + 6i/ = 36. (4)

Therefore, by subtraction

or x= 1.

Substituting this value of x in either equation we find the value of y to

be 3, so that a; = 2, y = ^ is the only solution common to the two equa-

tions. Thus, the two linear equations in x and y serve completely to

determine the values ofx and y.

In the same way the two general linear equations in two unknowns

ax + by = c,

ax + h'y = c',

are seen to have one and only one solution, namely,

ch' — c'b ca - c'a
X =— —^ y =—

ab' - a'b ba - b'a

If it is a question of linear equations in three variables, a similar

examination will shew that

:

(1) One linear equation alloirs any values whatever to be assigned

to two of the variables, these two values determining that of the remaining

variable.

(2) Tiro linear equations allow any value whatever to be assigned

to one of the variables, this value determining those of the remaining

variables.

(3) Three linear equations determine completely the values of the

three variables.

These statements are made on the supposition that the equations

are independent and consistent. Thus, the equations

x + 'Jy - z = 3

2x+-\y-2z = Q
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are not independent, the one following from tlie other, and should not

be spoken of as two equations ; also, the equations

x + 2y-z=7

cannot both be true, i.e., are inconsistent, .r, ?/, z, being supposed finite,

and, therefore, cannot both aid in determining values of x, y, z.

EXERCISES

Solve the following systems of equations :

1. 5.r + 7i/= 50,

4x + 5j/= 37.

2 aJ _ 1/ _ 1
* 3 6 2'

X 3(/_ 1

5
"

1 ~ 2

r. x + ii x-y ^.
3. -^ g_ = 16,

^ +^' = 22.

4. a: + 2|/ + 3: = 14,

t- 2a; + 3?/ + 5:;= 23,

3x + 5i/ + 73= 34.

5. a:-i/+ 2= ll,

2/:-3y + 93= 21,

3a: + 4i/-53= 17.

8. Simultaneous Equations Involving the Unknowns to a

Degree Higher than the First. In this Art. will be given the

solutions of certain examples which illustrate classes of equations which

may be solved without appeal to the solutions of equations of the third

or the fourth degree.

Ex. 1. Solve,

2x-3|/ = 3j
x^ -xy-\-2i/-\-x-4:y= 'i

}

Here one of the given equations is linear and the other quadratic in the

unknowns. Substitute in the quadratic for one of the unknowns its value,

found from the linear equation, in terms of the other unknown.
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From tliu linear equation

2

Therefore, })y substitution in the quadratic equation,

or ll/ + 2i/-13=0,

a quadratic in y, as was easily foreseen.

.-. |/ = 1 or -|f

If J/=1, X, which equals — , is found to be 3.

If j/= -
}f, X which equals ^i-

, is found to be -x\.

The solutions then are

Any system of equations of the kind in question will, then, admit two

solutions.

Ex. 2. Solve

2a;'-4xi/ + 3)/2 = 61 ,^.

x^-\- xy-2if^7

)

The two equations are here quadratics. In general, two such equations can

be solved only by solving a general equation of the fourth degree. The

equations given are, however, of special form in that they contain no terms

of one dimension.

Since the ei^uations are presumably satisfied by some values of x and i/,

the value of y will be equal to the value of x multiplied by some number,

not yet known. We may put, then,

y = mx (2)

where tn is a new unknown.

Substitute in the given equations : then

;::7}
(^>

2x' — imx'^ + Sm'^x^= 6

or
x^ + mx - 2wi'^x-

x2(2-4m + 3m0 = 61 .^.

x\l + m-2m'') = 7l

Then, by the division of e([ual quantities,

2-4m+ 3m^^6
1 +m - 2inr- 7

'
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Then, clearing of fractions, we have

33m' -34m + 8=
.-. w = |or^4,.

Take first m=l. Tlien substituting in the last of equations (4) we have

a;'(l + §-e) = 7

or a-=+ 3 or - 3

If a: = +3, 1/= 2 I ^-^^^^ y = mx, and vi^'L

Take next, m^j\. Then, as before,
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EXERCISES

Solve the following systems of equations :

1. x-{-y= 7,

x^+ oxy -by- +2x-y= 12.

2. x-hy= 8,

x^+ y'= 'S4:.

3. «-+ a.']/= 30,

6x- — y''= 5.

4. 25c2-3a-j/+ 5v'= 7,

03- + 0X1/ -11 1/- =3.

5. x'+/-189,

x+y= 9.

6. a:*+ x2i/2+ |/ = 21,

x'^-{-xyi-y'= 7.

7. 3,0 + 4?/= 18,

2a:^-7xj/- ;?/^+ 5a: + llt/= 0.

8. xy = 42,

x- + y'= Sb.

9. 4x + 6t/= »;»/,

12x + 9i/
= 2x?/.

10. 2(x=^+ ?/)-3(a: + 7/)- 5,

4xj/ = 15.

11. 30- + 51/ =4x^-6y^

2x + 12y= x'+ y\

EXAMPLES

1. Plot the curve (i.e., construct the graph) of liu; function

x^ - 2a;2 - 5a' + 5

for values of x between - 3 and 4, and state any inferences as to the

nature and value of the roots of the equation

(Note.—Denote the function by y in place of 2t as earlier. The

axes will be X'OX, YOY', the former the x-axis and tlie latter the //-axis

for measurements determining the curve.)
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2. Tlie })opulati()U of a city at certain slated dates is given by the

table :

Date
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7. Plot the curve of the function

between x = and a- = 4, and obtain an approximate value of a root of

the equation

8. Find the values of m if the equation

^m- 1 ) x- - (-1 7)1 + 4:) x + {77)i+l) =

is known to have equal roots.

9. One root <jf the equation

x''-{k+\)x+{2k+r) =

is known to exceed the other bv 2. Find the values of k and find the

roots that meet this condition.

1 0. The difference between the roots of the equation ax- + bxi-c = is

equal to the difference between the roots of the equation ^^a:^ + qx + ^ = Q,

shew that

y- (b- - 4ac') = a- (rj- - 4pi-).

11. Solve

12. Solve

13. Solve

U. Solve

15. Solve

IG. Solve

17. Solve

18. Solve

{x + 3) {x + 5) {x+7) (x + 9) = 3465.

2:c- + Ga: - 4 1 = y x- + 3a: + 7.

Ox^ - r)U-3 + 88^2 - 5U' + 9 = 0.

x^=l.

x'^=l.

3:>;2 _ ^xi/ - 7x + n?y + 1 4 =

Ax- y- 7 = 0.

xy\x^y = \\,

xy{x^y) = Z^.

.r- 4- 2.T?/ =16,

xyAr 2/2=15.
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19. Solve

3.X-2 + xy - 22/'-' =16?/. ^

20. Solve

a.' +2/ = 4,

.7-4 + 2/^ = 82.

21. Shew that an integral quadratic function can be resolved into

linear factors in only one way.

Would (2.r - 3) (.^• - 2), {x - |) {2x - 4), 2 {x - #) {x - 2) be regarded

as different factor-expressions of 1x- - Ix + G ?

22. The expression ax- + hx - 1 1 is known to be equal to - 7 if a: = 4,

and to be equal to 4 if x = 5. Find its value if x = 3.

23. Find the price of eggs a dozen when 15 more in a dollar's worth

would mean a reduction of 4 cents on the price.

24. Two travellers A and B set out at the same time from two

places P and Q respectively, and travel so as to meet. When they

meet it is found that A has travelled 30 miles more than B, and that

A will reach Q in 4 days, and B will reach P in 9 days, after they meet.

Find the distance between P and Q.

25. Divide a line 40 inches long into two parts such that the h3'pote-

nuse of the right-angled triangle of which the two parts are the sides

shall be the least possible.

26. An article is sold at a loss of as much per cent, as it is worth in

dollars. Shew that it cannot be sold for more than 25 dollars.

27. The base of a semi-circle whose radius is a is divided into two

parts and on these parts as bases semi-circles are described. How must

the base be divided if the area bounded by the three circles is to be a

maximum '?



CHAPTER II

RATIO AND PROPORTIOX

1. Preliminary. When two different numbers, as for example 2

and 3, are given, the fact of difference may be regarded in different

ways. Thus, we may say that the absolute difference is 1, meaning

that 2 is less than 3 by 1, or that 3 is greater than 2 by 1 ; or we may
consider the relative values of the two numbers and say that 2 is two

thirds of 3 or that 3 is three halves of 2. In regarding two numbers

in this latter way we arrive at the concept of ratio, and we see that

the ratio of 2 to 3 (in symbols 2 : 3) is expressed by the fraction |.

The ratio of two numbers being expressed by a fraction, we may
speak of the value of a ratio and may study the properties of ratios in

the tractions by which they are represented. Indeed, all the theorems

proved with respect to fractions are theorems in ratios.

In the ratio 2: 3, the numbers 2 and 3 are called the terms of the

ratio, the former the antecedent, and the latter the consequent.

If two numbers are equal we still speak of their ratio ; this ratio is

expressed by the number 1 and is called a ratio of equality. A
ratio of two positive numbers in which the antecedent exceeds the

consequent is called a ratio of greater inequality; one, in which the

antecedent is less than the consequent, a ratio of less inequality.

One ratio is equal to, greater than, or less than another according

as the fraction which represents that ratio is equal to, greater than, or

less than the fraction representing the other ratio. AVhen two ratios

are equal the four numbers in order are said to be in proportion.

Thus, 2, 3, 10, 15 are in proportion since

2 10

3
" 15'

The statement of the proportion in sym})ols is

2:3:: 10: 15
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which is read, two is to three as ten is to Jlftej'yi. 'Vo find whetlier or

not four given numbers are in proportion it is necessary only to

examine whether or not two fractions are equal.*

When several numbers in sequence as a, h, c, d, are such

that a:b::b:c::c:d:: , these numbers are said to be in con-

tinued proportion.

If three numbers n, h, c, are in continued proportion b is said tf)

be a mean proportional between a and c, and c is said to be a third

proportional to a and b.

]f there are several (say three) ratios as a:b, c:d, e :/, the ratio

ace : bdf is said to be compounded of the given ratios, and hence if

there are several (say four) numbers in sequence ]), q, r, s, then tiie

ratio p -.s is said to be compounded of the ratios ^; : q, q : r, r : s.

The ratios a- : b-, a'^ : b'-^, are called tiie duplicate, the trip-

licate of the ratio a : b.

2. The following propositions are of importance :

(1). A ratio of less inequality is increased, a ratio of (jreater ineqiudity

is diminished, and a ratio of equality is unchanged by the addition of

the same j^ositive number to each term.

Let the ratio be «: 6 where a and b are positive, and let the positive

number k be added to each terra so that the resulting ratio is a + k:

b + h. The two ratios are expressed by the fractions

a a-\-k

b' bVk
Then

a + k a _b{a + k) - a{b + k)

b + k
~ b~ b{bVk)

_ {b- a)k

b{b + k)'

Now, k, b, b + k are positive so that the sign of this last fraction is that

of b-a. Therefore the difference --is positive, negative or
b+k b

* In contrast with the definition and treatment of proportion here given, Euclid's definition

and treatment appear difficult and forced. This is due to the fact that Euclid provides for cases

not here contemplated, namely, those in which appear irrational numbers of whatever kind. To
establish a theory- of operations of such numbers is certainl}' not easier than to comprehend the

meaning and feel the beauty of his definition.
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zero according as h is greater than, less than, or equal to, (t. Thus, the

ratio a:h has been increased if b is greater th;in «, i.e., if the ratio is

one of less inequality ; diminished, if h is less than a, i.e., if the ratio

is one of greater inequality; and unchanged if h is equal to a, i.e., if

the ratio is one of equality.

(TI). If a : h and c : d are tico ujieqiial ratios ofpositive quantities, the

ratio a + c :b + d is intermediate in value to these two ratios.

The gi\"en ratios are expressed by

b d

\j^t - be the greater of these fractions and denote its value bv k. Then
b

"

b

a = hk

Also -<A:
d

c<dk
a + c<bk + dk,

i.e., a + c<(b + d)k

rt + c,. . (I + c a

In like manner
a+ c c

b + li^d

Therefore, the ratio a + c :b + d lies in value between a : b and c : d.

This theorem can easily be generalized.

(III). If four quantities are iiroportiomds, the j^roduct of the.

extremes is equal to the jyroduct of the means.

Let a : b :: c -.J ; it is required to prove that ad = bc. It is given that

a _ c

b
~ d

Multiply each side of this equality by bd. Then

ad = be.

Conrerselij if ad = be then shall a:b ::c:d.
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For if

ad = be

then, by dividing each side by hd, we ol)t;iin

rt _ c

b
~

7r

i.e., a :b :: c : (I.

Cor. If ad=bc, it is plain aho that

a _ b

c d
'

therefore, if a :b :: c : d it follows that a : c •.-.h :d.

(IV). If a:b \\ c : d then each ratio is equal to the ratio expressed by

la + mc

lb + md

Since - and - are equal, we may denote their common value by v.

b d

Then a = bv, c = dv, and

la + mc Ibv + judi'

lb + ind lb 4- 7iid

_v {lb + md)

lb + md

= r, the common value of -, -.
b d

The theorem may be shewn to be true without introducing the quantity v.

For if

a _c
b~d
a _b
c d

' '

c d

. la ^ lb
^

c d

ia + mc lb + md
I.e., =_

tnen

+ mc c / a\

+ md~ d\~b)'
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The theorem may be stated thus :

If two fractions are equal, each is equal to the quotient of the sum

(or difference) of any multiples of their numerators by the siun (or

difference) of the same multiples of coi'responding denominators.

,^rx r.- « c ^7 la +mb Ic +md
(\). If _ ^ _

, then =
,

h d 2)(i + qb p)c + qd

Since _ = _ it follows that - ^ - . By theorem (IV) each of these
b d c d

^
^ '

latter is equal to , as also to ? 1— .

Ic + md ^;c + qd

. la+ mb pa+ qb

Ic + md pc + qd

. la + mb Ic + md
2)a+ qb pc + qd

The theorem may be given verl)al statement.

3. Illustrative Examples. The following examples may repay

study :

Ex. 1. \i ax - by — 0, tind the ratio of x to y.

Since

ax - 6j/= 0,

it follows that

ax = by.

Therefore, dividing each side by ay, we have

X _ b

y~ a

i.e.y X :y ::b :a.

Thus : A homogeneous linear equation in x and y, i.e.y one which, when
brought to the form in which zero is the right number, has every term of

one dimension in x and y, while allowing x and y each to have different

values, determines the ratio of x to y.

Ex. 2. If

ax 4- &1/+ C2 =
and 2^x + 5(/ + rc =
find the ratios x : y : ::.

Here we have two homogeneous linear equations in 2c, y, z. As has been

seen two such equations do not determine x, i/, 2, and sc, y^ z may vary while

satisfying the equations.
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IMultiplyini,^ chcIj ii:enil»or of the lirst ecjiiatit.n by r jiiul c.-icli meinher of

the secoiul by c, Ave have,

(irx-\-hr]i->rrrz —

cpx + tqij + ciz — O

Therefore, eliniinatin;,' .:, \vv, liave

x(cp - III) - ii{hr - cq) =

x{cp - ar) — ]i{hr - (uf)

X _ hr - rq

y cp-<ir

or »•_?/.
hi- rq cp - <(r

By eliminating y we liave in like manner

br — cq (iq - bp
Therefore, the relations

X y
br - rq ep - ar nq - bp

give the ratios x : y :
~.

Thus, vvliile x, y, z may vary, the variation is such as to keep the ratios

X :y :z constant.

The expressions for these ratios are imj)ortant, and it is easy to devise a

method of writing them down ir.-m the three triads

)
fx y
Ui b

Ex. 3. Solve

2x - 3|/ +2=0,
X +2{/ -2s = 0,

a;- + 2(/-- 2-^= 08.

From the first two equations

X y z

6-2 ^ 1+4 ^ 4 + 3

4 5 ~ 7

Denote the common value of these ratios by h.

:. x = 'ik, y= ok, z — Jk.
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Substitute in the third of the given equations.

.-. 16/j- + 50A'^-49/-^ =G8
A;2= 4

^•=+2 or - 2

/. the solutions are

(1) {x= 8, y= 10, z^ 14),

(2) (a:=-8, j/=-10, s=-14).

EXAMPLES

1. If 12a:2 - Mxy + 35y- = find the ratio of x to y.

2. For what value of x will 5+ a:, 7 + .x', 11+ a: be in continued

proportion ?

3. Find the number .which added to each term of the ratio 5 : 8 will

yield the ratio 4 : 5.

4. The lengths of two rectangles are in the ratio a\a'; their

breadths are in the ratio b : b'. Find the ratio of their areas.

5. Find the mean proportional between 12 and 75.

6. If - =. i , then will
b d

a^h + ab"- chl + cd^
'

(1)
b-^ c^-iV^

,
3«io + 76i^ 3ci'^ + 7cifiQ

Shew that these are illustrations of the theorem : If - ^ ^- then any
b (I

fraction formed with numerator and denominator hoinoyeneous in a and

b will be equal to tlie fraction similarly formed of c and d.

a c
7. If r = ~i, then

b d

ma^+ nc^ ac

(2)

mb'^+nd'^ bd'

3a3 + 5c3 4aV+^2
U^ + 5d^ ^ ilAThTbcP
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8. If 7 = 1 = >, then
b d f

, , , /rt- + ^nc- + ne- ;)ce + qea 4- rac

63 + c/3+/3-i,//-'

/Q\ (^n + f7ic + ney _ {c + e){e + rt)(a + c)

^ (/6 + 77i(/ + n/)^
~

(^ +/)(/+ 6)(6 4- d)

'

Sliew that these are illustrations of the theorem :
" If two or more

fractions are equals then any fraction whose numerator is a homogeneous

exjyression in the numerators, and denominator an expression similarly

formed of the denominators, is equal to any other fraction whose numer-

ator is homogeneous and of the same degree in the numerators, and

denoniinator similarly formed of the denominators."

9. If

/ ??t n

b - c c - a a - b
'

then

10. If

then

l + m-\- 71 =

x + y y + z z + x

X - y D ly - z) 7 {z - x)

20x + 2l2/ + Gc =

and of the (juantities x, y, z, supposed real, two are of one sign and the

remaining one of opposite sign.

11. If

then x = y = z.

X y

y + z z + x X +

12 If
^ ^ y ^ ^_

b+c-a c+a-b a+b
then

13. If

{b -c) x + {c-a) y + {a-b) z-

a b c

x? - yz 2/2 - zx z^ - xy

then ax -\-by + cz = {a -^-b + c) {x + y-\- z).
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14. If ^ _ y _ ^__
b + c-a c + a- a + b - c

^—^

tlien (a + b + c) {yz + zx-\-xij) = {x + y + z) {ax + by + cz).

15. If -=-^=.tthen
a b c

x^ y^ z^ {x + y + z)'^

a^ 62 c-
~

{a + b +cf'

IG. If - ^'i =!,
a b c

tlien l^
a;2 + a2

^

yi^j,i

^

z^-^c"- _ {x+.;, + zY+{a + b + cf
x-\-a y + b z + c {x + y-\-z) +{a + b + c)

"

1 7. Solve

X - T)7j + 2s = 0.

7x- + 9?/-Gc=0,

yz - 22a; + xy = \, ^

IS. Solve

19. Solve

lx-Uy-\-z = 0,

13a; + 5?/--10c = 0,

Zx- - i>y- - -2 = X + 2y - 2.

yz - 2)zx + '2xy = 0,

byz + ^zx- 18a'.y= 0,

4.v;-52/+7c = 21.

20. Shew tliat the three equations

x + y-z = 0,

1x-^y + ?>z = 0,

2x + 5y- oz = 0,

cannot all be true. v*,^.i>u^_
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21. !£'-=:- then will ax i- hi/ be a mean proportional between
a b

X- 4- v/- and a- + h-, and conversely.

22. If - = 2/ = ^ then will
a h c

(«2 + 6'-' + C^) (x-2 + ^2 ^ :s2 ) = (^-^. ^ly^ czf

and conversely.

23. If -, ^, - are three ratios, not all equal, of positive quanti-
a b c

ties, and if /. m, n are positive, then the ratio

Ix + my 4-^3

la + mb + 7ic

lies in value between the greatest and the least of the given ratios.



CHAPTER III

VARIATION

1. Preliminary. In the applications of algebra there frequently

present themselves quantities which are undergoing or may be supposed

to undergo change, so that the numbers which measure them are vari-

ables. Any problem concerned with such variable quantities will

involve two or more variable numbers, and these numbers are related

so that a change in any one will cause at least one other number to

change. That part of the subject which has to do with such related

variables and the laws of their dependence on one another is called

variation.

The following illustrations should be examined in order that the

formal theorems may be more readily understood.

Illustration 1. An observer on a railway train notes that at a

certain instant he is passing a mile-post ; at the end of
1
J minutes he

notes that he passes the next mile-post, at the end of 3 minutes the

next, at the end of 4|^ minutes the next, at the end of 6 minutes the

next, and at the end of 7 J minutes the next. What inference is to be

drawn as to the motion of the train 1

Let s (miles) be the distance travelled by the train in t (minutes)

from the time when the observation began. As time passes t changes

and s varies vuith t, or, in other words, a change in t necessitates a

change in s.

Now let us take note of the observed facts. When t changes from

IJ to 3, s changes from 1 to 2, and, as --i = _, the change in s is pro-

portionate to the change in t ; next when t changes from 3 to 4^,

3 2
8 changes from 2 to 3, and as — —- the change in s is proportionate to

4J 3

the change in t, and so for the other given values of s and t. It thus

appears that the change in s is proportionate to the change in t, and

we infer that the train is moving uniformly.



42 ALGEBRA

When two variable quantities are so related that any change in the

one implies a proportionate change in the other, then each is said to

vary as the other.

Here s varies as t (or t varies as s), and this is written

Sect.

Ilhistration 2. A small bullet is allowed to fall freely from a height

and at the end of 1 sec, 2 sec, 3 sec. it is found to have fallen through

16-1 ft., 644 ft., U-l:-9 ft. What seems to be the relation between

the time measured from the instant the bullet was let fall and the

distance through which it has fallen in that time?

Let t and s measure the time and distance in question. It is at

once plain that s while varying with t does not vary as t. As t changes

1 A •! 1 12
from 1 to 2, s changes from 16'1 to 64-4; now, = - = _, so that

64-4 4 22

the change in s is proportionate to the change in the square of t. So

when t changes from 2 to 3, s changes from 64*4 to 144-9, and, as

= _ = 1 , the chancre in s is proportionate to the change in the
144-9 9 32'

^ ^ ^

square of t. Hence, from the observations given we are led to suppose

that s varies as the square of t. Investigations shew that this is the

law of bodies falling freely. We say then that s varies as t-, and write

Sozt-.

Illustration 3. The volume of a certain gas under pressure 14

(pounds to the square inch) is 108 (cubic feet); under pressure 21 the

volume is found to be 72, and under pressure 28 the volume is found

to be 54. In what way do the volume and the pressure seem to be

related ?

Let p and v denote the measures of the pressure and the

volume.

When J) changes from 14 to 21, v changes from 108 to 72 ; now 14:21

1 1

as 2:3, and 108 : 72 as 3:2 or as ^ : o so that the change in the

volume is proportionate to the change in the reciprocal or the inverse

of the pressure. The same is found for the change from pressure 21
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to pressure 28 so that when the pressures are as 2:3:4 the volumes

are as -:_:-. Here v is said to vary inversely as p and we write
ii o 4

1
roc —

P

2. Theorem. The following theorem is the one fundamental

proposition for the case in which appear only two variables of which

one may be called the dependent, the other the independent variable.

If yozx, and if x he allotved to vary, then the value of y corres-

ponding to any value taken by x is equal to the jyi'oduct of that value of

X and some constant number, i.e., a number which, as x and therefore y
change, does not change.

Here x and y are the measures of quantities so that we may speak

of the ratio x : y while it might not be permissible to speak of the ratio

of the quantities measured by them.

Let X take any values x^, x.^, x.^, x^, and let the corresponding

values of y he y^, y.,, y.^, y^,

Then since yozx

X

2/l 2/2

^1
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For let .Tj, a'o be aiit/ two values of x, and i/j, 2/0 the corresponding

values of y. Then by the condition given

2/2 = ^^2

.'. by division ^ ^ i^L.

2/2 ^'2

Tlius, aiii/ change in the value of x requires a proportionate change in

the value of y, i.e., yocx.

Ex. 1. The velocity of a particle falling freely from rest varies as the

time from rest. At the end of 1^ seconds the velocity is observed to be 48-3

feet a second. Find the relation giving the velocity in terms of the time, and
the velocity at the end of 2 seconds.

Let V (feet a second) be the velocity at the end of time t (seconds) from
rest. Then by the given condition

vcct

.'. V= kt

where k is a constant whose value is to be found.

If f= l^, t'is48-3.

.-. 48-3 = Axli
^•= 32-2.

The value of /: having been found we may write

v= 32-2t

as the relation giving v in terms of t.

If t= 2, r= 32-2x 2 = 64-4, and the velocity at the end of 2 seconds is

64"4 feet a second.

Ex. 2. The space through which a particle falls freely from rest is known
to vary as the square of the time from rest. In 1 second a particle is

observed to fall IG"! feet. Find the relation connecting the space and the

time, the space through which the particle would fall in 3 seconds, and tlie

space through which it would fall in the third second.

Let t and s measure the time in seconds and the space in feet from rest.

Then
sec ^2

where k is a constant whose value is not yet known.
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If ^ = 1,5= 16-1.

.-. 161 = A;xP

A- = 16-1.

Thus the relation connecting s and t is

If i = 3, s= 16*l x3^= 144'9, and the space through which the particle

falls in 3 seconds is 144 "9 feet.

Similarly, in 2 seconds the particle falls through 16*lx2^ or 64*4 feet.

Therefore in the third second the particle falls through 144"9-64"4 or 80*5

feet.

Ex. 3. The volume of a gas under change of pressure varies inversely as

the pressure. The volume of a certain quantity of gas under pressure 15

(pounds on the square inch) is 96 (cubic feet). Find the volume under a

pressure of 18.

Let V and p measure the volume and the pressure in the units indicated.

Then
1

t'OC _
p

P

where k is a constant whose value is not yet known.

Ifi)= 15, f = 96.

.-. 96=fc.—
15

.-. /: = 15x96

.-. v= 15x96.1.
P

Therefore, if jj> = 18, r= 15x96x — =80 and the volume of the gas UTidor
18

pressure 18 is 80 cubic feet.

EXERCISES

1. The area of a circle is known from geometry to vary as the square of

the radius. The area of a circle of radius 3^ is found to measure 385. Find

the formula for the area of a circle.

2. The surface of a sphere is known to vary as the square of the radius.

A sphere of radius If is found to have a surface area of 38*5. Find the

formula for the area of the surface of a sphere.
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3. The volume of a sphere varies as tlie cube of its radius. Metal spheres

of radii 3, 4, 5 are melted and cast into a single sphere. Find its radius.

4. The illumination from a source of light varies inversely as the square

of the distance. At what distance from the source must a small sheet of

paper be placed to receive 3^ times as much light as when at a distance 15 feet

from the source ? (Why a small sheet ?)

5. The square of the time of a planet's revolution about the sun varies as

the cube of its mean distance from the sun. The mean distances of Venus
and the Earth being given as in the ratio of 18 : 25 find in days the time of

revolution of Venus.

6. If X and y vary in such a way that their product is constant, then y
varies inversely as cc or x varies inversely as y.

3. Problems Involving more than Two Variables. Up to

this point only two variables have appeared in any problem. In the

following example appear three variables :

Ex. From geometry it is known that the area of a rectangle depends

only on its base and its altitude ; it is known also that the area varies

as the base when the altitude is constant and as the altitude when the

base is constant. It is required to study the variation in the area

when both the base and the altitude vary.

Let A, 6, h measure the area, the base and the height of a rectangle

ABCD. Let h change to any value h'{ = AE) and h to any value

h'( = AG), and as a result suppose A to change to A'. We seek a

relation between the old values A, 6, h, and the new values A', b', h'.
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First, suppose b to change to b', h not changing, so that the

rectangle ABCD becomes the rectangle AEHD, and let the area of

AEHD be A^. In this change the base has changed, the altitude not

changing, and therefore by what is given

Aj b

Next, suppose h to change to h', b' not changing, so that the

rectangle AEHD becomes the rectangle ABCD, In this change the

altitude has changed, the base not changing, and therefore by what is

given

A' ~h' ^ '

Therefore from (I) and (II), by multiplication,

A



X



VABTATION 49

Ex. 2. It is shewn in works on geometry that the vohime of a cone varies

as the square of the radius of the base when the altitude is constant and as

the altitude when the base is constant. A cone of height 1 and with a base

of radius 1 is measured and found to be f f . Find the formula for the volume

of a cone.

Let \\ h, r measure the volume, the altitude and the radius of the base of

the cone. Then

vozr^ when h is constant

also vcch when r"^ (or r) is constant

:. v=k.hr\

where k is constant.

If )=1 and h = l, we are given that i'= |f
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If t = 273 and /; = 14 it is given that im thatr = 78.
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EXAMPLES

1. The velocity (v) of a heavy particle falling freely from rest varies

as the square root of the distance (s) through which the particle has

fallen. If when s= Url (ft.) it is found that v = 32-2 (ft. a sec.) find

the equation connecting v and s.

2. The electrical resistance of a wire varies directly as the length of

the wire and inversely as the square of the radius of the cross section.

If, when a copper wire is Im. long and 1mm. in diameter, the resistance

is 0*02 ohms, find the resistance of a copper wire 7m. long and lomm.
in diameter.

3. It is shewn in works on geometry that the volume of a pyramid

varies as its base when its height is constant and as its height when its

base is constant. A cube may be divided into six equal pyramids, each

having a face of the cube as base, and the centre of the cube as vertex.

From these facts obtain the general formula for the volume of a

pyramid.

4. The value of w depends only on the values of the three inde-

pendent variables x, y, z. If it is known that wozx when y and z are

constant, that wozy w^hen z and x are constant, and that waiz when x

and y are constant, shew that ivccxyz, when x, y and z vary.

Illustrate by reference to the volume of a rectangular parallelo-

piped.

5. liyozx shew that x^-\-y^ocxy and construct an illustration.

6. If X varies as y and inversely as the square root of z, and if,

when ?/ is 5 and z is 4, the value of x is 15, find the value of x when

y = l and 2 = 9.

7. If y varies as the sum of two quantities, of which one is constant

and the other varies as the square of .r, and if ?/= 4 when x=\, and

y = 28 when x = 5, find y when x = 3.

8. Given that y varies as the sum of two variables, one of which

varies as x and the other inversely as x, and that y=l9 when x = 3,

and that y = 1 1 when x = 2, find y when x=\.
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9. If 1/ e(in;il.s the sum of three quantities of which one is constant,

one varies as x, and the otlier inversely as x, and if (y = 9, £c = 1 ),

{y = S, x = '2), (2/= 9, a; = 3) are three sets of corresponding values, find

y when x = 4.

Kl When a weight is hung by an elastic string, the Extension

{i.e. J the amount the string is stretched) varies as the weight and as

the unstretched length of the string. If a weight of 3-5kg. stretches

a string Im. long to a length I'lm., to what length will a weight of

4*5kg. stretch a string of the same kind of length I'om. ]

11. When a weight is hung by an elastic string of given material,

the extension varies as the weight, as the unstretched length of the

string, and inversely as the square of the diameter of the string. If a

weight of 8 lb. stretches a string 2 5 ft. long and of \ in. diameter to

a length 2-7 ft., to what length will a weight of 10 lb. stretch a string

of the same material 3-25 ft. long and of J in. diameter?

12. If X" + y^ccxy shew that xozy, and if, when a:2 + 7/^ = 25 it is

known that xy=\2, find the relation between x and y.

13. If 2/ varies inversely as x, and if when y^l it is known that

x = \, construct a graph to exhibit related values of x and y.



CHAPTER IV

SERIES

A sequence of numbers as

1, 2, 3, 4, 5,

or

3, 7, 11, 15, 19,

or

3, 6, 12, 24, 48,

or

I 1 i t 1
12' 2-'' 3^' 42' 5'^'

in wliich the successive numbers are formed according to some law, is

called a series.

As a rule, the numbers of a series will be connected, each to the

preceding, by the sign + or -
; and the individual numbers with their

signs will be called terms of the series.

I

ARITHMETICAL SERIES

1. Definition. It is readily seen that

2 + 5 + 8 + 11+

is a series, each term being formed from the preceding term by the

addition of 3. Thus, consecutive terms differ by the same number, or,

in other words, the difference between consecutive terms is constant.

Such a series is called an arithmetical Series, or an arithmetical

progression which may, therefore, be defined as follows :

A?i arithmetical progression is a series in which each term isformed

from the 'preceding by the addition of the same quantity.
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All arithmetical series are seen to he included in tlie general

progression

rt + (« + c/) 4- (rt + 2c/) + (a + 3(f) +

Here a is called the first term and d (the diflference between consecu-

tive terms) the common difference.

Any term of a given arithmetical progression may be found without

constructing all preceding terms. Thus, in the series

2 + 5 + 8+11+

in which 2 is the first term and 3 the common difference, it is readily

seen that the fiftieth term, being forty-nine terms in advance of the

first, is 2 + 3 X 49 or 149, since each advance implies the addition of 3.

So, too, the nth. term of this series (?i, a positive integer\ being n-\
terms in advance of the first term, is 2 + {n - 1)3 or 3/1 - 1. The nth

term is usually spoken of as the general term, since from it any term

can be found by giving to n a suitable value. Thus, here, the nth term

being 37i-l, the 5th term, for example, is 3x5-1 or 14. In like

manner we have for the general series,

nth term = a-\-{n -\)d (I)

a result which should be remembered.

Ex. 1. The 5th term of an arithmetical progression is 19 and the 13th term

is 43 ; find the progression and the 30th term.

Let o, d denote the first term and the common difference

.-. The 5th term = a + 4(Z

a +M= 19.

Similarly, by constructing the 13th term we have

« + 12d= 43.

.". solving, a = 7, d=3.
Thus the series is

7 + 10 + 13 + 1G + 19+

and the 30th term = 7 + 3 x 29 or 94.

Ex. 2. The nth term of a series is 3?i + 5 ; shew that the series is an

arithmetical progression.

Here n is any number and we may say that the 1st term is 3 x 1 + 5 or 8,

the 2nd term is 3x2 + 5 or 11, the 3rd term is 3x3 + 5 or 14, the 4th term

is 3x4 + 5 or 17, etc. It apjyears then that the series is an arithmetical
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progression of which the first term is 11 and the common difference is 3.

But however many terms we construct we cannot say absolutely, on the

evidence afforded by these terms, that for terms not constructed the law

continues.

We may, however, reason generally and more briefly thus :

The Htli term = 3/1 + 5, whatever value be assigned to n.

.: tlie (n - l)th term = o{n - 1) + 5.

Then the difference between the 7/th and the (n-l)th term is equal to

(3>i + 5)- 3(71-1) -5 or 3.

Now n is anij number ; therefore the difference between any and therefore

every two consecutive terms of tlie series is 3, so that tlie series is an

arithmetical progression.

EXERCISES

(Note: In tlie exercises, A. P. will be emploj-ed as an abbreviation for arith-

metical progression.

)

1. Find the 47th and the 7tth term of the following series :

(1) 1 + 3 + 5 + 7+

(2) 7 + 13 + 19 + 25+

(3) 29 + 25 + 21 + 17+

(4) 94 + 81 + 68 + 55+

In each case after finding the nth. term test the result by finding from it the

first four terms.

2. The 7th term of an A.P, is 23, and the 15th term -17; find the

series, its 23rd term, and its first negative terra,

3. Find three numbers in A.P. such that the third is 7 times the first

while the pnxluct of the first and the third exceeds 5 times the second by a

quantity equal to the first.

4. How many multiples of 13 are there between 300 and 700 ?

5. Shew that the series formed by taking every fifth term of the A.P.

1+3+5+7+
is also an A.P.

6. Shew that the series fc^rmed by taking every seventh term of the A.P.

a + (a + d) + ((i + 2d) + {u + 3d)+

is also an A.P.
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7. If to each term of an A. P. there be added the same number, the

resuhing series is an A. P.

8. If each term of an A. P. be multiplied by the same number the resulting

series is an A. P.

9. Write down any 10 numbers in A. P. and shew that the average of the

1st and the 10th is the same as that of the 2nd and the 9th, or that of the

3rd and the 8th, etc.

10. Write down any 11 numbers in A. P. and shew that the average of

the 1st and the 11th is equal to that of the 2nd and the 10th, or to that of

the 3rd and the 9th, etc., and that this average is equal to the middle

term.

11. The first of 17 terms of an A.P. is 5 and the last is 133 ; find the

middle term.

12. The nth. term of a series is an + b whatever be the value of n ; shew

that the series is an A. P.

13. The pth term of an A.P. is q, and the qth term is^, where p and q

are given integers ; find the (2) + q)th term.

2. Arithmetical Means. When three numbers are in arith-

metical progression, the second number is called the arithmetical

mean of the other two numbers. We may then have the problem :

To find the arithmetical mean of ttvo given numbers.

Let a and h be the given numbers, and let x be the mean sought.

Then by the definition

a, X, h

are in arithmetical progression, and therefore

X -a=h -X

2x = a + b

a + h

so that the arithmetical m,ean of two given numbers is equal to one-half

their sum,.
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111 like manner we may liave the problem of inserting any number

of arithmetical means between two given numbers.

Ex. Insert 7 arithmetical means between 5 and 29.

Here 5, the 7 means sought, and 29 make up 9 terms in arithmetical

progression. Let x be the common difference in this series of 9 terms.

Then, the first term being 5, the ninth term equals 5 + 8x, which must equal

29, i.e.,

5 + 85c = 29

8a: = 24

x= 3

Thus the means are

8, 11, 14, 17, 20, 23, 26.

The general problem is :

To insert n arithmetical means between a and b.

Here a, the n means sought, and b make up n + 2 terms in arith-

metical progression! Let o: be the common difference in this series of

n-\-'2 terms. Then, the first term being a, the (n + 2)nd term is

a + (n+ 1).« which must be equal to h, i.e.,
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EXERCISES

1. Insert 11 arithmetical means between 19 and 223.

2. Insert 5 arithmetical means between 17 and - 7.

3. When n arithmetical means are inserted between a and 6 find the ?-th

mean.

4. Insert 5 arithmetical means between 11 and 25 and shew that the

middle mean is the arithmetical mean of the given numbers.

5. Whatever odd number of arithmetical means be inserted between a
and 6 shew that the middle mean is the arithmetical mean of a and 6.

3. The Summation Formula. The sum of any number of terms

of an arithmetical series may be found without actual addition.

Ex. Find the sum of 9 terms of the arithmetical progression,

13 + 17 + 21+

Let s denote the sum sought. Then

s= 13 + 17 + 21 + 25 + 29 + 33 + 37 + 41 + 45

.-. 5= 45 + 41 + 37 + 33+ 29 + 25 + 21 + 17 + 13,

the terms being written in reverse order, which does not aflfect the sum.

Therefore by addition

2s= 58 + 58 + 58 + 58 + 58 + 58 + 58 + 58 + 58

.-. 2s= 58x9
58x9= 261.

2

It is to be noted that, in adding to find 2s, when we find for the first

addition 13+ 45 the result 58, we know beforehand tliat the successive

additions will yield the same sum, because in the upper line the terms

increase 4 at each advance while in the lower line the terms decrease 4 at

each advance. We know also beforehand that there will be 9 addends 58,

i.e., one for each term of the series. It follows then that it is not necessary

to write all the terms of the proposed addition.

The general problem is the following :

To find the sum of n terms of the arithmetical progression

a + {a + d) + {a + 2d)+

Let I denote the last of the terms considered, i.e., the 7ith term

l = a + (n-l)d.
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Let s denote the sum sought

:

.-. s = a + {a + d) + {a+2d)+ +(l -2d) + {l -d) + l.

:. s= l + {l -cl)+ (l-2d)+ +{a + 2d) + {a + d)-va,

the terms being written in reverse order which does not affect the sum.

Therefore, by addition,

2s = {a + l) + {a + l) + {a + l) + + (a + l) -{- {a + l) + {a + l),

2s = {a + l) X n,

since there is one term a + l for each term of the series.

.-. s='^(a + (11)

Further, putting for I its value in terms of a, d, n, we have

s = ^2a + {7i- \)A UII)

The formul?e (//) and (///) should be given verbal statement, and

committed to memory.

The following examples may be examined :

Ex. 1. How many terms of the series

21 + 35 + 49+

must be taken to yield the sum 336 1

Let n be the number required. Then, the first term being 21 and the

common diflference being 14, we have, quoting the formula for the sum of it

terms of an arithmetical series,

I
. |2x 21 + (71-1)14^=336

.-. n(7H + 14) = 336

.-. 7i'+ 2n-48=

whence n= 6 or -8. Plainly the result must be a positive integer so that

the number sought is 6.

It is to be remarked that if the 6 terms which yield the sum 336 be written

down, and if, starting at the last term, we write down 8 terms in the inverse

order of the series, the sum of these 8 terms is 330. This is not an interpre-

tation of the negative root - 8, but an indication of a closely related problem

in which the number + 8 is significant.
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Ex. 2. Shew that the sum of 5>i terms of an arithmetical progression is

5 times that of the n terms beginning with the (2n+ l)th term.

Let a, (i be the first term and the common diflference of the series.

.-. sum of 5h terms=—^.| 2a + (5)i-l)(i ! (1)

Also the (2;i + l)th term = a4-2?ui

.'. sum of n terms beginning with the (27i+ l)th

= '^\|2(a+ 27id) + (n-l)cz|

=^|2a + (5^i-l>ij- (2)

Then, comparing (1) and (2), we see that tlie result follows immediately.

EXERCISES

1. Sum to 53 terms, after the manner of the general theorem (i.e., not

quoting the formula), each of the following series :

(1) 5 + 11 + 17 + 23 +

(2) 9 + 9|+ 10|+ IIH •

(3) 117 +112 +107 +102 +

(4) 7i+ 7i+ 7 + 6| +

/e\ « a + 6 « + 26
,

2. Sum to n terms, after the manner of the general theorem, each of the

following series :

(1) 9 +13 +17 + 21 +

(2) 23 +18 +13+ 8 +

(3) 2|+ 3|+ 5+ 6H
In each case Ud the result by assigning to n the value 4.

3. Shew that

(1) 1 + 2 + 3 + 4 + 5 to n terms= ^ii^itll
;

(2)1 + 3+ 5 +7+ tonterms = n^

The first of these series is that of the first n natural numbers, the second that

of the first n odd numbers. The results are important and should be carried

in memory.
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4. In the general A.P. of n terms,

a+ (a+ d) + {a+ 2d)-\- +(a + n-ld)

Shew that the sum of the rth term from the beginning and.the rth term from

the end is equal to the sum of the first and the last term.

Hence shew that one-half the sum of the first and the last term is the

average of the terms and derive the formula for the sum of n terms of

an A. P.

5. How many terms of the series

444-3G-1-28+

must be tixken to yield the sum 128 ?

Comment on the two results.

6. How many terms of the series

21 + 17 + 13 + 9+

iQUst be taten to yield tlie sum 65 ?

Comment on. the fractional result.

7. How many terms of the series

20 + 17 + 14+

must be taken to yield the sum 76 ?

Comment on the fractional root.

8. How many terms of the series

18 + 22 + 26 + .. ..

must be taken to yield the sum 210 ?

Comment on the negative root.

9. How many terms of the series

8 + 25 + 42+

must be taken to yield the sum 1430 ?

Cominent on the negative fractional root.

10. The ?ith term of a series is 5/1 + 7 ; shew that the series is an A. P.,

and find the sum of r terms.

11. The sum of 12 terms of an A. P. is 138 and the sum of 19 terms is

988 ; find the series and the sum of 20 terms.
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12. Shew that the sum of an odd number of terms in A. P. is equal to

the product of the middle term by the number of terms.

13. Find the sum of all multiples of 23 between 100 and 700.

14. The sum of h terms of a certain series is 7n' + il)i, whatever be the

value of n ; find the rth term and shew that the series is an A. P.

15. Three integers are in A. P. ; their sum is 24 and the product of the

first and the last is 9 less than the square of the middle number. Find the

numbers.

16. In a certain A.P. the first term is 29 and the last term 107 ; the sum
of the terms is 952. Find the series and the number of terms.

17. Construct an A.P. such that the sum of 7 terms is equal to the sum
of 11 terms, the common difference being 2.

18. If the pth, gth, rth terms of an A.P. are a, 6, c respectively, shew that

(q-r)a + (r-p)h + (p-q)c= 0.

19. A heavy particle, allowed to fall freely from a height, falls through

16*1 feet during the first second and in successive seconds falls through

32 "2 feet more than during the preceding second. How far will it fall in

t seconds ?

II

GEOMETRICAL SERIES

1. Definition. It is readily seen that

2 + 6 + 18 + 54+

is a series, each term being formed from the preceding by multiplying

it by 3. Thus consecutive terms stand to each other in a constant

ratio. Such a series is called a geometrical series, or a geometrical

progression, w^hich may therefore be defined as follows

:

A geometrical progressio7i is a series in ivhich each term is made

from the preceding hy multiplication hy the same number.

All geometrical series are seen to be included in the general pro-

gression

a + ar + ar- + ar"^ +

Here a is called the first term and r (the ratio of any term to the

preceding term) the COmmon ratio.
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Any term of a geometrical progression may be found without

forming all preceding terms. Thus in the series

2 + 6+18 + 54+

in which 2 is the first term and 3 the common ratio, it is plain that the

fiftieth term being forty-nine terms in advance of the first will be the

product of 2 and the factor 3 taken forty-nine times, i.e., will be 2.3^-',

since each advance implies the introduction of the factor 3. So, too,

the nth term of this series, being n-\ terms in advance of the first, is

2.3""^ As in the case of the arithmetical progression, the nth. term is

called the general term ; thus, giving to n the value 4, we find the

fourth term to be 2.3''^ or 54. In like manner we have for the general

series,

nth term = ar''''^ (/)

a result w^hich should be remembered.

Ex. 1. The 5th term of a geometrical progression is 162 and the 8th term

is 4374 ; find the progression and the 10th term.

Let a, r denote the first term and the common ratio.

The 5th term = aH
.-. a/* =162.

Similarly, constructing the 8th term, we have

arT= 4374.

Therefore, by division

.- ^^' 27' - 162
-^^
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Ex. 2. The nth term of a series is 5.3"
; sliew that the series is a

geometrical progression and indicate the series.

Whatever be the value of j(,

The nth term =5.3"

.-. The (>i - l)th term = 5.3" -1.

Therefore the ratio of the ?ith to the (?i - l)th term is

5.3" o
, or 3,

5.3"-i

Now n is any integer, so that the ratio of anxj and therefore of every two

consecutive terms is 3, and tlie series is a geometrical progression.

In 5.3" put 91 = 1 and we find that the jird term is 15. The series is

therefore

15 + 45 + 135 + 405 +

EXERCISES

(Note : In the exercises, G.P. will be employed as an abbreviation for

geometrical progression.

)

1. Find the 9th and the nth term of each of the following series :

(1) 1 + 5 + 25 +

(2) 7 + 14+ 28 +

(^>^^i+^

(5)1-1+1-
^ ' 2 4

In each case after finding the nth term test the result by finding from it the

first four terms.

15
2. The 11th term of a G.P. is — , and the 5th term is 30 ; find the series,

32
and write down its 17th term.

3. Find three numbers in G.P. such that the third exceeds the sum of

the other two by the first while the third exceeds the first by 36.

4. Shew that the series formed by taking every third term of the G.P,

7 + 21 + 63 +
is also a G.P.
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5. Shew that the series formed by taking every 5th term of the G.P.

(( + ar + ar'^+
is also a G.P.

6. If each term of a G.P. l)e multiplied by the same number, the result-

ing series is a G.P.

7. If corresponding terms of two G.P. be multiplied together, and the

results be written in order as terms, shew that the series is a G.P.

Illustrate this theorem.

8. Write down any 7 numbers in G.P. and shew that the average of the

1st and 7tli is not the same as the average of the 2nd and 6th, or of the 3rd

and 5th ; but shew that the product of the 1st and 7th is equal to that of the

2nd and 6th, or that of the 3rd and 5th, and is equal to the square of the 4th.

9. The first of 17 terms of a G.P. is— and the last is 341^ ; find the

middle term.

10. The ?tth term of a series ab"^"*, whatever be the value of n ; shew

that the series is a G. P.

2. Geometrical Means. When three numbers are in geometrical

progression, the middle number is called the geometrical mean of the

other two. We have then the problem :

To find the geometrical mean of two given num,bers.

Let a and b be the given numbers and let x be the mean sought.

Then a, x, b are in geometrical progression and by definition

X b

a ~x
\ x^ = ah

.'. oc =y'ah.

Thus, the geometrical mean of two riumbers is equal to the square

root of their 'product.

As it is supposed that we are dealing with real numbers the two

numbers whose mean is sought are supposed to be of the same sign,

and in extracting the square root of their product we take the sign so

as to place the mean between the given numbers.

It is to be noted that, if three or more numbers are in geometrical

progression, the numbers are in continued pioportion, and that the

geometrical mean of two numbers is the mean proportional of those

numbers.
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In like nicanner we have the problem of inserting any number of

geometrical means between two given numbers.

81 1 81
Ex. Insert 5 ffeometrical means between and-. Here —, the 5 means

64 9 64

sought, and - make up 7 numbers in geometrical progression. Let r be the

common ratio.

.-. The 7th term = ^^. >«

64

64' ' 9

. .« G4

81 X 9

3

taking the positive real sixth root for reasons given. Therefore the means
are

27 9^ 3 1 1

32' 1(5' 8' 4' 6'

"We proceed in the same way in the case of the general problem :

To insert n geometrical means between a and b.

Here a, the n means sought, and b make up n + 2 terms in

geometrical progression. Let r be the common ratio

.'. The (7i + 2)nd term = ar'^+i

a

J
and the n means may be constructed.

EXERCISES

1. Insert 3 geometrical means between 7 and 567-

2. Insert 5 geometrical means between 5 and 588245.

5. Between 4 and 186624 a certain number of geometrical means have

been inserted ; the 3rd is 864 and the 5th is 31104. Find the means.

4. WTiatever odd number of geometrical means be inserted between

a and 6, shew that the middle mean is the geometrical mean of a and b.
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3. The Summation Formula. The sum of any number of terms

of a geometrical series may be found without actual addition.

Ex. Find the sum of 8 terms of the series

7 + 21 + 63+

Let s denote the sum sought ; then, since the common ratio is seen to be 3,

s= 7 + 21 + 63 + 189 + 567 + 1701 + 5103 + 15309.

.-. Ss= 21 + 63 + 189 + 567 + 1701 + 5103 + 15309 + 45927.

The second equation is formed from the first by multiplying each term by 3

and setting the result one place to the riglit. Then, since each term of the

given series is formed from the preceding term by multiplying it by 3, we see

in advance that each number in the scries for 2s will be below an equal

number. Then subtracting the numbers in the first equation from those in

the second we have
25= 45927-7 = 45920

.-. s = 22960.

Consider now the general problem :

To find the suvi of n terms of the geometrical progression

a + ar + ar- +

Here the common ratio is ?', so that the nth term is ar^~^. Let s denote

the sum sought. Then, having in mind the terms not written, we write

-3 + ar"-2

rs= ar + ar--\- +ar"~^ + ar""2

Then by subtraction we have

s-rs = a- ar^

s(l -?') = «(! - ?'")

s = a
1 -r"

or, which is the same thing,

s = a-

+ ar"-^ + ar"

(I^)

These results should be carried in memory. As stated, they are

equivalent, but it is more natural to employ the former when r<l, the

latter when r> 1.
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Cor. From the results in (II) we find at once

1 _ ,.n *.« „ 1

^—^ = ^ i=l+r + r2+ +r--'
1 - ?• r - 1

which may be regarded as affording a proof of the theorem that 1 - r",

for all integral values of n, is diy.i$ibljB by 1 - r, the quotient being

1 +r+ +r'''\

EXERCISES

1. Sum to 29 terms, after the manner of tlie general theprem (i.e., not

quoting the result), e^ch of the following series :

(1) 2 + 10+ 50+

(^>^^^4V

(3)1-1+1-1 + ....

(4)2-U8_15 +
^ ^ 3 9 27 81

(5) a+ a^+ a^+ a'' +

2. Sum to n terms, after the manner of the general theorem, each of the

following series :

(1) 3+ 12+ 48+

(2)6+ 3+ 11+

(3) 1-1+1-
^ ^ 3 9

In each case test the result by assigning to n th^ value 4.

3. Sum to n terms,

and point out the significance of the result.

4. In the general G.P. of ii terms

a+ ar+ ar'^+ + ai^~^

shew that the product of the 7-th term from the beginning and the rth term

from the end is equal to the product of the first and the last term.
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6. Sum to n terms :

a)(i.iy.(i.i)V(i4,)v.

(2) {a-{-hy + {a' + hy + {a'+ b'y + .

6. The product of three numbers in G.P. is 1728 and the sum of the

first and the last is 25 ; find the numbers.

7. Divide the number 221 into three parts in geometrical progression

such that the third exceeds the first by 136.

8. The sum of the first three terms of a G.P. is 228 and the sum of the

first six terms 997 '5 ; find the series.

9. Shew that if, in a G.P., each term be subtracted from the tetrtn

following it, the successive differences form a G.P.

10. The sum of n terms of a certain series is h{i-^ — l) ; shew that the

series is a G.P.

11. If the j^th, ^th, rth terms of a G.P. are a, 6, c respectively, shew that

a'"*". b'"P. c^'«= l.

12. Sum to n terms

9 + 99 + 999 +
13. Sum to n terms

(a + 6) + (a2 + a& + 6^) + (a» + a26 + a6='+ 6') + ^

4. The Infinite Geometrical Series. In the case of the

geometrical series

1+2 + 22 +

the nth term is 2""^ and the sum of n terms is given by the formula

2--1

2-1
2^-1

where the subscript n in s^ indicates that it is a question of the sum of

n terms. If to n be given the value 25 we find that the 25th term is

16,777,216 and that the sum of 25 terms is 33,554,431 and the rapidity

with which the terms and the sums of terms increase with increase of

n is very striking. It is easily seen that n may be taken sufficiently

large to make either the 7ith term or the sum of n terms greater than

any assigned number however large.
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Consider next the geometrical series

Here the nth term, denoted by ?<„, is

1

and the sum of n terms is
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That 5,j may, by increasing n, be made to difier from 2 by as small

a quantity as we please is rendered even more striking by representing

the terms taken by lengths measured on a straight line.

\

\

' nr~!
A P Q R S T B

AB measures 2; AP, 1 ; PQ, h ;
QR, |; RS, -^ ; ST, -,V ; etc. Then

AQ measures the sum of 2 terms; AR of 3 terms; AS of 4 terms;

AT of 5 terms ; etc. Not many terms need be taken to make the

sum practically 2, though the sum 2 is never reached.

The general series

a + ar + a?-- +

may now be treated more concisely.

(I). Suppose r numerically greater than 1 or, in symbols, \r\ >1.

Then denoted by s^ the sum of 7i terms we have

r^ -

1

r" a
s,^ = a =a.

?• - 1 ?' - 1 I - r

Now, r being numerically greater than 1, ?-" increases in numerical

value as 7i increases, and ?i may be taken sufficiently large to make
?•" numerically greater than any assigned number however large.

Therefore al.^o, a and r being given values, 7i may be taken large

enough to make
«;•"

, ^, ay'^ a
, and consequently

1 - r 1 - r 1 — 7'

numerically greater than any assigned number. Thus, as 7i increases

indefinitely, the numerical value of s„ tends beyond all limit and we

may not in this case speak of the limit of the sum of 7i terms.

(II). Suppose \r\ <1.

Then,

1 - ?•" a ar""
5„ = rt

1 - r 1-7' 1

Now, r being numerically less than 1, r" decreases in numerical value

as n increases, and n may be taken sufficiently large to make r"

numerically less than any assigned positive quantity, however small.
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Therefore, also, a and r being given values, n may be taken large

enough to make

smaller than any assigned positive quantity, however small. Thus, as

71 increases indefinitely the numerical value of s,^ differs less and less

from that of , and n may be taken large enough to make s,^ differ
1-7-

from bv less than any assigned positive number, however small.
1-7'

We say then that :

The limit of the sum of ?i terms of the series

a
— 7

r

is

as n increases indefinitely is ^

or, in other words,

The sum of the infinite series

a + ar + ar-+ (jr|<l).

l-r

Ex. Find the value of 0'5.

0'5 = 0"55555 in infinitum.

= iO+ 100+ 1000 + ''^ infinitum.

This is an infinite G. P. whose common ratio is _ , which is less than 1,

5 5

l-r^v. 9
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EXERCISES

1. Write down the expression for the sum of n terms of each of the

following series, and tind the limit to the sum as n is indetinitely increased :

«^+^^

<3)l-,5+i-

2. Write down the sums of the following infinite series :

<^>-M-
(2)2+^+i?+

(3) 1+ ^ + L_4-
^ ^ 1-05 ^(1-05)2

3. Shew that any term of the infinite series

,111
1 + 2 + 4 + 8

+

is equal to the sum <»f the infinite series of succeeding terms.

4. Shew that any term of the infinite series

-14-
is twice the sum of the infinite serico of succeeding terms.

5. Construct the G.P. whose first term is 1 and in which any term is

three-fourths the sum of the infinite series of succeeding terms.

G. Find the value of each of the following recurring decimals :

0-7, 013, 0-73219.

7. The middle points of the sides of a square are joined to form another

square ; the middle points of this S(|uare are joined to form a new square
;

and so on indefinitely. Find the sum of all the squares thus formed.
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5. Annuities. An important application of the geometrical pro-

gression is found in the evaluation of annuities. An annuity is a

payment recurring at the end of equal intervals for some stated time.

Thus, if A is under obligation to pay B the sum of SI 00 at the end of

each year for the next 5 years, this recurring payment is called an

annuity of $100, beginning now and running for five years.

An annuity is said to be deferred, for a number of years when it

begins at the end of that number of years.

The interval between successive payments is generally one year,

though it may be any period.

It is supposed known that the value of any stated sum of money

depends upon where it is placed in time, i.e., when it is to be paid or

to become due, and upon the rate of interest. Thus, if $400 is to be

paid at the end of 3 years, and if the rate of interest is 5 per cent., or

0"05 on the unit the present value of the payment is

$400 $400

(1 + 0-05)^'
"^'^

(1-05)3'

and the value of the payment if not made until the end of 7 years, i.e.,

4 years after it is due, is

$400 X (1-05)4.

We can therefore say that the present value of the annuity cited in

illustration, i.e., of $100 beginning now and running for 5 years, the

rate of interest being given as 05 on the unit, is

$100 $100 $100 $100 $100

1-05 ^(1-05)2 ^(1-05)3 ' (1-05)4 (1-05)5

$100
This is seen to be a geometrical progression whose first term is

and common ratio is The sum is therefore
1-05

1

$100 ^-(To5j^ 1100 r 1 1

T05-^_ 1
'""' 0-05 1' -(1-05)5/

'

105

which is consequently the present value of the annuity in question.
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The general problem is :

To find the present value of an annuity of $A beginning now and
runningfor n years, the rate of interest being r on the unit.

Finding the present value of each payment, we have as the

present value of all payments,

$A SA $A
r+r"^(] -vrf^ "^(l+r)"'

a geometrical progression of n terms whose common ratio is

1+r
and whose sum is therefore

$A (1+rf
1+r" ^_ \__

1+r
which reduces to

SA ^_ \__\
r •

I (1+r)"/

which is consequently the present value sought.

If, in the preceding, we suppose n to increase indefinitely, which

means that the payments are to continue for all time, we have then to

1
do with an infinite geometrical series whose common ratio is

1 +r
which is less
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If an annuity of $A, running for /i years, is deferred for m years,

the first payment is made at the end of 771 + 1 years, so that its present

vahie, r being the rate of interest on the unit, is seen to be

SA 8A .
,

$A
^1 + r)"^ + i

( 1 + r)'» + -
(1 + r)'" + »

There are here 71 terms, and the series is a geometrical progression with

common ratio ; the sum is therefore
1 +r

1- 1

$A (1 +r)"

(l+r)"*+i , 1

which reduces to

SA
(l+ry« t (1 +

1 +r

1-1
\-r)nj

EXERCISES

1. Find the present value of an annuity of $250 to be paid at the end of

each year for 7 years, money being worth 4^ per cent, per annum.

2. Find the present value of an annuity of $375, deferred 3 years and

running 5 years, the rate of interest being 4 per cent, per annum.

3. A man deposits $500 at the beginning of each year for 7 years in a

savings bank which allows 3 per cent, per annum compounded half-yearly on

deposits. What sum will be standing to his credit at the end of the eighth

year ?

4. If the rate of interest is 4 per cent., find the present value of a perpe-

tuity of $120.

5. Find the present value of a perpetuity of $90, deferred 5 years, the

rate of interest being 4 per cent.

6. A minor receives on account of his estate $1200 on his sixteenth and

each successive birthday. If interest is at 3^ per cent., what sum should be

charged against his estate just after he receives the payment on his twenty-

first birthday ?



SERIES 77

III

HARMOXICAL PROGRESSION

1 . Definition. A series is said to be an harmonical progression
when the series formed by the reciprocals of its terms is an arithmetical

progression.

Let a, b, c be three numbers in harmonical progression. Then

1 1 1

a c

are in arithmetical progression. Therefore

11^1 _l
b a c b

. a - b _b -

c

ab be

ab _a — h

be b -c

a _a - b

c b - c

Thus, (f three ^lumbers are in harmonical progression, the first is to the

thiid as the difference between the first and the secojid is to the difference

between the secoiid and the third.

This important property of three numbers in harmonical progres-

sion is sometimes taken as the definition of an harmonical progression

of three terms.

Problems in harmonical progression may -be solved by considering

the analogous problem in arithmetical progression. This will be illus-

trated. It is to be remarked that there exists no formula for the sum

of n terms of an harmonical progression,

Ex. Shew that 35, 45, 63 are in harmonical progression and find the 7ith

tenn

.

Consider — , — ,
—-

.

35 ' 45 63

Then i-_A = _J_ and ^ _i=_A, so that -^- , A, i are in
45 35 315 63 45 315 35 45 63

aritlinietical progression and tlierefore 35, 45, ('»3 in harmonical progression.
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Next, the series

i. i 1
3o"^45'*"63'**"

2
being arithmetical with common difference —- will have for >ith term

315

35 ^ ^V 315/

11 -2n
or

35 V 315/ 315

Therefore the harmonical progression

35 + 45 + 63 +

315
will have for ?ith term

11

EXERCISES

(XoTE : In the exercises, H.P. will be employed as an abbre\'iation for

harmonical progression.

)

1. Shew that 15, 21, 35 are in H.P. and continue the series four terms.

2. The first two terms of an H.P. are 2 and 3 ; find the next two terms.

3. The 5th term of an H.P. is 168 and the 8th term is 108 ; find the first

three terms.

4. The vertical angle C of a triangle ABC is bisected internally and

externally by straight lines which meet the base in P and Q respectively
;

shew that AP, AB, AQ are in H.P.

5. If three numbers are defined to be in harmonical progression when the

first is to the third as the difference between the first and the second is to

the difference between the second and the third, and if a series is defined

to be in harmonical progression when every consecutive three terms are in

harmonical progression, shew that the reciprocals of the terms of an H.P.

are in A. P.

2. Harmonical Means. If three numbers are in harmonical pro-

gression the middle number is called the harmonlcal mean of the

other tivo numbers ; we have then the problem :

To find the harmonical mean of a and b.

Let X be the mean sought. Then a, x, h are in harmonical

progression and therefore -
, -, - are in arithmetical progression.

a X b
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Therefore

1 1 _^ 1

X a b X

2 a + b

X ab

2ab
X =

a + b
'

Thus, the harmonical mean of two numbers is the quotient of twice

their product by their sum.

If a and b are two positive numbers and if their arithmetical,

geometrical and harmonical means be denoted by A, G, H, respectiveh^

we may compare the values of A, G and H. For we have

a + b — 2ab

Then

AH =^.
n + b

AH =^. M=a6 = G2

so that G = y'AH and G is not only the geometrical mean of a and b,

but also the geometrical mean of A and H.

Again

A-G = '^-V^«^
2

_a - 2-i/ab + b

_ {l/a-Vb)^
2

But, supposing a and b unequal. {\/a - y^bY being the square of a

real number is positive, so that A - G is positive or A>G. Further

A G
since AH = G^ we have _ = _

, and A being greater than G we have
G H

G>H, so that A>G>H.
If a = 6 it is readily seen that A = G = H.
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EXERCISES

1. Insert two hamionical means between 10 and 20.

2. Find tlie arithmetical, the geometrical, and the hamionical mean of 3

and 12.

3. If the lines AB, BC measure x and ]/ respectively, placing AB, BC in

continuous straight line ABC, construct the arithmetical and geometrical

means of x and j/ and shew that the former exceeds the latter unless x and y
are equal.

4. If the harmonic mean of two numbers is to their geometric mean as

4 to 5, prove that the quantities are in the ratio of 1 to 4.

6. If the^jth term of an H.P. is q and the qth term is7>, where ^j and q
are given integers, find the {p + q)th term.

6. The jL)th, (/th, rth terms of an H.P. are a, 6, c
;
prove that

(q - r)bc + {r -p)ca + (p- q)ab = 0.

IV

ADDITIONAL IMPORTANT SERIES

In this section will be considered certain series whose sums can be

obtained from the results found or by a modification of the methods

employed in the preceding sections. We recall (Ex. 3, p. 60) the sum
of the first n natural numbers :

1 + 2 + 3 + + n = "<"+'>
2

1. The Squares of the Natural Numbers. It is proposed to

find a formula for the sum of the squares of the first n natural numbers.

Denote the sum by S„. Then

S,= 12 + 22 + 3^^ + +7l2.

We have identically, i.e., for all values of r,

r3-(r-l)3 = 3r2-3r + l;
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Hence, giving to ?' in succession the values n, n - 1, w - 2, 2, 1,

we have

n3 -(n-l)3= 37i2 -371 +1,

(n - If - (n - 2)3 = 3(n - 1)-' - 3 (n - 1) + 1

,

(^ _ 2)3 - (n _ 3)3 = 3(n - 2)2 - 3 {n - 2) +1,

33 - 23 = 3.32 - 3.3 +1,

23 -13= 3.22 _ 3.2 +1^

13 - 03 = 3.12 _ 3 1 ^i

Then, having regard to the lines not written but merely indicated by

the dotted line, and noting that there are in all ii lines, we have by

addition

713-03 = 3(12 + 22 + 32 + +n2)-3(l+2 + 3 + +n) + n.

3 QQ Q n(n+])
72"^ = do,, - 3. —

^

^ + n

00 -i , 'I
n(n+ 1)

3S^ = 7i3 + 3. -J^ f _ n

=pnUSn+\)

n{n+ l)(27i + l)

o _7l(7i+l)(2n+l)

This result should be retained in memory.

Ex. Sum to n terms

1.3 + 2.5 + 3.7 +

Each term is the product of two factors. The^rs^ factors are 1, 2, 3,

so that the nthjirst factor is 71. The second factors are 3, 5, 7, so that

the nth second factor is 3+ (?i-l)2 or 2n + l. The 7ith term of the series

is therefore 7»(2/i + l), which equals 2h^ + 71. Now give to n the values

1, 2, 3, 71, and we have, denoting the sum sought by Sn,
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Sn= (2.r + l)4-(2.2^4-2) + (2.3'^4-3) + +(2.n2+ n>

^ r 2(P+ 22 + +h')

~\+(l +2 + +n)

_2 n(H -fl)(27i + l) n(?i+ l)

6 ^2
_ n(7i+ l)(2n+ l) ?i(n4-l)~

3
+"~^~~'

a formula which will give the sum of any number of terms The result may

be brought to the simpler form

n(n+ l)(47i + 5)

6

EXERCISES

Assuming the formulae for the sum of the first n natural numbers and for

the sum of their squares, find the sum to n terms of each of the following

series, testhig the result by assigning to n the values 1, 2, 3 :

1. P+ 3H52 +7H
2. 1.2 + 2.3 + 3.4 + 4.5 +

3. 2^+ 42+ 62 + 8^ +

4. 3.7 + 5.10+ 7.13 + 9.16 +

5. a^+ (a-\-hy+ (a + 2by+ {a + Sby+

2. The Cubes of the Natural Numbers. It is proposed to find

the sum of n terms of the series

13+03 + 33 +

It is readily seen that the series is neither arithmetical nor geo-

metrical, so that it calls for a special method of treatment.

Denote the sum sought by S„ so that

S,= 13 + 23 + 33 + +n3.

We have identically

r4 - (r - 1)4 = 4r3 - 6?-2 + 4r - 1.
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Therefore, giving to r the vahies n, n - I, n - 2, 2, 1, we have

n^ -(n-l)4= 4?i3 _ 6n2 + An -1,

(n-l)-i-(u-2)4 = 4 (7i-l)3-6 (n-l)2 + 4 (?i_l)-l,

(n - 2)4 - (n - 3)-* = 4 {n _ 2)3 - 6 (n - 2)2 + 4 (n - 2) - 1,

2* - 1^ - 4.23 _ 6.22 + 4,2 _ 1,

14 - 0^ = 4.13 _ 6.12 + 4 1 _i.

Therefore, by addition, we have, since there are n lines,

n4-0-t = 4 (r^ + 23 + +n3)-6 (12 + 22 + +n^)

+ 4 (1+2 + +n)-n

6 2

.'. 4S„ = n-* + ?i-?i (?i+ 1) (2n+l)-2n (n + 1)

= 71 (71+1) {n2-n+l + 2n+l -2}

= {n(n + l)y

. ^ ^ f
u(n + l))2

•• ^- 1^2—

r

Cor. 13 + 23 + + ^^3 _
( 1 + + _,. ^)2.

Ex. Sum to 11 terms the series

1.3.5 + 3.5.7 + 5.7.9 +

As in the preceding article it is seen that the nth term is

(27i-l)(2n+ l)(2n+ 3)

which is equal to Sn^ + 12n^ - 2n^ - 3.

Give to n the values 1, 2, 3, , n, and, denoting the sum sought by Sr
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Sn= (8.134-12.P- 2.1 -3)4-(8.2' + 12.22 -2.2 -3)4-.

+ (S.n^+ 12.n--2.n-3).

8(P + 23 + +/ )

4-12(r + 2'^ + +)/-)

- 2(1 +2 + + /(
)

- (3+3+ +3).

_g fn(n+l)y^^ n{n + l)(2n + l) » n(n+ l)

\ 2 ) 6 ~
' 2 ~^

= 2>i2(« + iy^+ 2n(H + l)(2H + l)-n(n + l)-3n

which may be reduced to the simpler form

n{2n^+ 8n''+ 7n-2).

EXERCISES

Sum to n terms each of the following series, testing the results by giving

to 71 the values 1, 2, 3 :

(1) 13+ 3^+ 53+7^
(2) 1.2.3+ 2.3.4 + 3.4.5 +

(3) 2'+ 43+ 63+ 83 +

(4) 1.3.5 + 2.5.8+ 3.7.14+

(5) (a + 6)'+ (a + 26)3+ (a + 36)3+

3. The Arithmetico-Geometric Series. It is proposed to find

the sum of 7i terms of the series

a + (a + b)r + {a + 2b)r~ +

where each tet-m is formed by multiplying corresponding terms of the

arithmetical series

a + (a + b) + {a + 2b)+

and the ereometrical series

1 + r + r2 4-

iby-\ Denote the sum by S„The nth term is seen to be (a + n

so that

S„ = a + (a + 6)r + (a + 2b)r~ + + {a + n- U)r"-i

/. r.S„ = ar+ {a + by- + + (a + u - 26)/-"-! + (a + n- 16)r"

.
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Then, by subtraction;

S^{1 -r) = a + (br + br'+ + 6r"-i) -(a + 7i- 16)r"

l-r«-i
= a + br. -. _^ - (a + n- 1 6)?'",

since the series within the brackets is geometrical and consists of w - 1

terms.

. ^_ rt (a + n-lb)?'" 6r'(l-r"-i)

"~YZ~r~ TZT "^
(l-r)'-^

Here the metliod is the important thing and the result need not

be retained in memory.

EXERCISES

1. Sum to 71 terms
l + 2x + 3x'+ 4:x^+

2. Sum to 71 terms

'-H-h
testing the result by giving to n the values 1, 2, 3.

3. Sum to n terms

7 + 12a; + 17x^22x3 + . .

4. Sum to 71 terms
l-25c + 3cc2-4a:3 +

EXAMPLES

1. Continue each of the following series three terms

:

(1) 48,60,72;

(2) 48, 60, 75
;

(3) 48, GO, 80.

2. The arithmetical mean of two numbers is 64 and their harmoni-

cal mean is 60 ; find the numbers.

3. The sum of four numbers in A. P. is 72 and the product of the

extremes is to the product of the means as 27 to 35 ; find the numbers.
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4. If the arithmetical mean between a and 6 is twice as great as

the geometrical mean, shew that a : 6 : : 2 + |/3 : 2 - |/3.

Obtain this result also geometrically.

5. If a, h, c are three given numbers, find the numbers which if

added to each of them will give sums (1) in A.P., (2) in G.P., (3) in

H.P.

6. If 271+ 1 terms of the series 1, 3, 5, 7, 9, be taken, shew

that the sum of the alternate terms 1, 5, 9, will be to the sum of

the remaining terms as n + 1 to n.

7. On the ground lie 7i stones at intervals of 5 yards ; how far will

a person at the first stone have to travel to go and bring them one by

one to the first stone 1

8. On the ground lie n stones at intervals of 1 yard, 3 yards,

5 yards, 7 yards, etc. ; how far will a person at the first stone have to

travel to go and bring them one by one to the first stone 1

9. Sum to n terms :

(1) 0.9 + 0.99 + 0.999 +

(2) 0.7 + 0.77 + 0.777 +

10. The series of natural numbers is divided into groups as follows :

1; 2, 3; 4, 5, 6; 7, 8, 9, 10; etc.

Find the sum of the numbers in the rth group.

1 1

.

Between a and b are inserted n geometrical means ; find the

sum of those means.

12. The sides of a right-angled triangle are in A. P.; shew that they

are in the ratio of 3 : 4 : 5.

13. Sum to 71 terms :

(1) l + (l+6)r + (l+6 + 62)r2 +

(2) {x + a) + {x'~ + 2a) + {x^ + 3a) +

(3) 1.12 + 2.32 + 3.52 +
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14. Sum to ?i terms :

12 + 22.T + 32a;2 + 42a;3 +

15. If a, b, c, d are in G.P., shew that

{a? + 62 + c2) (62 + c2 + d''-) = {ah + 6c + cdf.

Prove also the converse proposition.

16. If rt2j 62, c2 are in A.P., shew that 64-c, c + <x, a + 6 are in H.P.

17. Shew that a, 6, c are in A. P., G.P., or H.P., according as

a-h a a a

- c a c

18. If the sum of n terms of a series is a + hii -{- cii^ find the rth

term and the nature of the series.

19. The sum of n terms of a certain A. P. is (2n)2 for all values

of n ; find the series.

20. Sum to 2n terms

a _h a h

21. If a, b, c are in H.P., shew that

(1) a : a - b : :a + c -.a - c
;

(3)-L+jL 2,1
c — a c — a

22. If

x = a-\- — + —, + in xnf. ;
r r^

. b b . . .

2/
-= - - + -, - imnf.;

r r

c c ' • r
z =c - —^^— - xn xnf. ;

shew that xy :z ::ab :_c.
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23. If a, b, c are the pt\\, q\\\, rth terms of both an A. P. and a

G.P., shew that

24. If X, a^, a^, y are in A.P., x, g^, g^, y in G.P., and x, h^, h^, y
in H.P. then

^i+«2^Mg; xy = a^K = a.\', a^K + a,h^ = 2g^g,.

25. If .T, rt^, ttc,, a.^, y are in A.P., and x, h^, A^j ^^j 2/ i^ H.P. shew

that

xy = a^Ag = rt2^'t2 ^ ^3^1 •

26. If S„, So^, S3,, are the sums of ?z terms, 2n terms, Sn terms of

a G.P., shew that



CHAPTER V

PERMUTATIONS AND COMBINATIONS

1. Explanatory. From the four letters a, 6, c, d, it is plain that

all possible selections of three are the following :

bed, cda, dab, abc.

These are the combinations of four letters three at a time, and they

are four in number.

Take any one of these combinations, say bed ; then by interchange

of the letters b, c, d, the only ar'rangements of three that can be formed

of 'those letters are the following :

bed, bdc, cdb, cbd, dbc, deb.

Each of the remaining three combinations will give rise to six such

arrangements, so that in all there can be formed twenty-four arrange-

ments of three letters. These are the permutations of four letters

three at a time.

So, too, we speak generally of the combinations and permutations

of n things r at a time. The things are ordinarily denoted by

letters, different letters denoting dissimilar things and like letters like

things. When nothing to the contrary is stated, the things will be

supposed to be dissimilar. In the theorems and problems to be treated

it will always be a question of the number of possible permutations or

combinations in question.

EXERCISES

1. Determine the number of combinations and permutations of three

letters, (1) one at a time, (2) two at a time, (3) three at a time, by actually

forming the combinations and permutations.

2. Determine the number of combinations and permutations of four

letters, (1) one at a time, (2) two at a time, (3) three at a time, (4) four at a

time, by actually forming the combinations and permutations.
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3. Given that the number of permutations of 5 things 3 at a time is 60,

shew that the number of combinations of 5 things 3 at a time is 10 and that

the number of permutations of 5 things 4 at a time is 60 x 2 or 120.

2. The Fundamental Theorem of Permutations. The theorem

will first be illustrated by finding the number of permutations of 5

letters a, h, c, d, e, taken 3 at a time.

The number of ways in which three places, in order as shewn in

the diagram,

b d
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n(n- 1) ways of filling the first two places. In like manner each of

the n(n- 1) ways of filling the first two places may be associated with

n-2 ways of filling the third which makes n()i-l)(n-2) ways

of filling the first three places. The reasoning may evidently be

continued. When r - 1 places have been filled, there remain 71 - r - 1

or 71- 7'+ \ things so that the rth place may be filled in n - r + 1 ways.

Thus the r places may be filled in

7i(?i - l)(n - 2) (?i - r+ 1)

ways, and this then is the number of permutations of ii things r at a

time. The number is frequently denoted by the significant symbol „P^.

Co7'. The Tiumber of j^ermutations of n thmgs n at a time, i.e., all

together is

7i(?i-l) 3.2.1.

This number is generally denoted by the symbol hi or n\ which is read

n factorial.

Since

, ^^ / , i\ 7i(7i-l) (n-r+l)(n-r)(n-r-\) 2.1
n(7i- 1) (71 -r+ 1) = —^ ^^ '-^ -

^ ^ ^ ^
(7i-r)(n-r-l) 2.1

we have

,P, = n(n-l) {n-r+\) 71

{n-r)

Ex. How many numbers of three digits, all different, may be formed from

the digits 1, 2, 3, 4, 5 ?

This is readily seen to be the same as the number of permutations of

5 things 3 at a time and is therefore

5. 4. 3 or 60.

EXERCISES

1. In how many ways may 5 books be arranged on a shelf?

2. Write down the numbers represented by lyPj 3, 12P7, gPs ^'^d com-

pute the value in each case.

3. How many words, each of four letters, may be formed from the letters

of the word comrade ?
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4. How many numbers, each of 4 digits, may be made from the nine

digits, no digit being employed more than once ?

In how many of these will the first digit be an odd digit, and in how many

of them will the first digit be 6 ?

5. How many numbers, each of 4 digits, may be made from the nine

digits and the figure 0, no digit being employed more than once ?

How many of these will end in ?

6. How many numbers of 4 figures each may be made from the nine

digits, if digits may be repeated ?

7. A signal is made by running up on a vertical rope one, two, or three

flags. How many signals could be made with 7 flags of difi"erent colours ?

8. How many words each of four letters, beginning and ending with a

consonant, may be made from the letters of the word tambour?

9. In how many ways may 5 ladies and 5 gentlemen be assigned to 10

seats in a row, no two ladies to be seated together ?

10. Find in how many ways 9 persons may be seated at a round table

(1) supposing the seats distinguished
;

(2) considering relative position only
;

(3) considering relative position only except that two orders difiering

only in direction (or sense) are counted as one.

11. In how many ways may 11 persons be seated relatively at a round

table if a certain two persons are not to be placed together ?

12. In how many ways may 5 ladies and 5 gentlemen be seated relatively

at a round table if no two ladies are to be seated together ?

3. The Fundamental Theorem of Combinations. The theorem

will be illustrated by finding the number of combinations of 5 letters

a, b, c, d^ e, taken 3 at a time. Denote the number sought by N.

Take any combination ahc ; then by interchange of these letters we
obtain in all 3.2.1 distinct permutations, each of three letters. The

same is true of each of the possible combinations. Now no two

distinct combinations can give rise to the same permutation, while

from all possible combinations will be formed all possible permutations.

Hence the total number of permutations of 5 letters 3 at a time is

Nx 3.2.1.

But this number is already known to be 5.4.3.

.-. Nx 3.2.1 =5.4.3
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The student is recommended to write down these 10 combinations

and see their relation to the 60 permutations of 5 letters 3 at a time.

The general position is : To find the number of comhhiations of n

things r at a time.

Denote this number by „Cr. Take any combination of the r things

;

then, by interchange of the r things of which it consists, it will give

rise to r I distinct permutations. The same is true of each combination.

Further, no two combinations can give rise to the same permutation,

while from all possible combinations will be formed all possible permu-

tations. Therefore, the total number of permutations of n things r at

a time is

But this number is already known to be

n{n - 1 ) (n - ?• + 1 ), or
{n-r)\

C^ X r ! = n{n -1) {n -r+\) =
(n — r)\

p_ 71(71-1) {n-r-ir\)_ n\

r\ r\{n-r)\

Cor. The number of combinations of n things r at a time is equal to

the number of combinations of n things n - r at a time.

EXERCISES

1. From a company of 35 soldiers a picket of 5 soldiers has to be chosen
;

in how many ways is this possible ?

2. Write down in full, i.e., not employing the factorial syml)ol, the

numbers denoted by 7C3, 9C5, 5C5, and compute the value in each case.

3. From a case containing 15 books a person is to select 3 books ; in how

many ways may the selecti(jn be made ?

4. If ,Cu = „C7findn.

5. In a plane are 7 points ; how many triangles may })e formed with 3 of

these points as angular points ?

6. How many triangles can he formed having 3 of n given points in a

plane as angular points ?
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7. From a committee of 15 ladies and 20 gentlemen, a sub-committee of

3 ladies and 4 gentlemen is to be chosen ; in how many different ways may
this be done ?

8. How many diagonals has a heptagon ? a quindecagon ?

9. From 8 teachers and 60 pupils a committee of 3 teachers and 7 pupils

is to be chosen ; in how many ways may this be done ?

In how many ways may the committee be chosen if a certain teacher and

a certain 2 pupils are to serve on it ?

10. Show that

p _n-r-|-l p

11. In how many ways may 15 diflferent things be divided among 3 persons,

each getting 5 things ?

12. In how many ways may 15 different things be divided into 3 parcels

of 5 each ?

13. In how many ways may 10 different things be divided among

A, B, C, D, if A and B are each to receive 2 things and C and D each

3 things?

14. In how many ways may 10 different things be divided into two parcels

of 2 each and two parcels of 3 each ?

15. Shew that

16. In a plane are n points, j) of which are in a straight line ; how many
triangles can be formed with 3 of the points as angular points ?

17. Shew that

^?^' = 2«(1.3.5 2^r^l).
n 1

18. In a plane are n points and through every two of them a straight line

(produced indefinitely) is drawn. Find the number of points of intersection

of these lines, exclusive of the n points.

19. How many combinations of 3 letters may be made from the letters

of the word Canada ?

20. How many combinations of 4 letters may be made from the letters of

the word Manhattan ?
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21. Shew that mn diflferent things may be divided among in persons, each

receiving n things, in

(mn) !

(n !)"'

ways and that the number of ways in which the w-?!, things may be divided

into >n parcels of n each is

(mn) !

(n !)"m !

22. How many words of 3 consonants and 2 vowels may be formed from

the letters of the word amplitude ?

In how many of these will the vowels be separated ?

23. Shew that the product of any /• consecutive integers is divisible by r.

4. Additional Theorems. The theorems of the two preceding

articles have been spoken of as fundamental. As the theorem on

combinations has been derived from that on permutations, we might

say that there is one essential proposition. We shall now derive

certain further theorems either from those already given or by the

methods already employed.

Theorem I. The nuynher of jyermutations of n things taken all at a

time, p being alike and the rest unlike, is

n\

p\'

Let N denote the number sought. Take any one of the permuta-

tions and in it suppose the ;; like things replaced by ]? things different

from one another and from the rest. Then by permitting these p
things without disturbing the rest we should form p ! distinct permu-

tations. The same is true of each of the N permutations in question

so that these would give rise to N x/? ! permutations. But these would

be the n ! permutations among themselves of n unlike things.

.'. N X ;; ! = ?z

!

p\

Cor. The number of permutations of n things taken all at a time,

p being of one kind, q of another kind, r of another kind, is

p\ q\ r
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Theorem II. The number of pn-mntatloiis of n things r at a time^

when repetitions of each thing are allowed up to r times, is n"".

As 'in the earlier theorem suppose that there are r phices to be

filled each by one thing. The first may be filled in n ways ; after it

has been filled in any way the second may be tilled in n ways, since

the thing already placed may be repeated. Thus the number of ways

of filling 2 places is ?i'- and by continuing the reasoning we find that

the number of ways of filling r places is Ji''.

Theorem III. The total munher of ways in lohich a selection of one

or inore thingsfrom n things may he made t5 2" - 1.

The first thing may be taken or left, i.e., it may be treated in 2

ways. In either case the second thing may be treated in 2 ways, so

that the first two things may be treated in 2- ways. Similarly for the

successive things and the number of ways of treating all the things is

2". As this includes the case in which all the things are left, and

therefore no selection made, the result sought is 2" - 1.

Theorem lY. The value of r for which the number of combinations

ofn things r at a time is greatest is - if n is even and or —-

—

when n is odd.

It is readily seen that

n - r + 1
„C, = ,.C,-iX

Therefore,

n^r> — <n^r-l

as > = < 1

r

,'. as n — r+l>=< r

/.as ?i + 1 > = < 2r

.*. as 2r <: = >7i+l

n + l
. , as r < = >
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(a) Let /i be eveii. Then the greatest value tlie integer ?• can liave to

be less than is - ; this, therefore, is the greatest value ?- can have

if „C^>^C^, 1. Thus, „C;. is greatest when r = _ .

(b) Let n be odd. Then the greatest value r can have to be less

than —- - is —_ ; this, therefore, is the greatest value r can have if

nCr>n^r-i- Thus „CV is greatest when r= ~
. But we must note,

also, that if r= _— , i.e., greater by 1 than '!—- , then will ^^C^ = ,^Cr_i

so that the number of combinations —; at a time is the same as the

Jill
number at a time and each is greater than the number given by

any other value of r.

EXAMPLES

L How many numbers of 5 figures each may be made from the

nine digits

(1) if digits may not be repeated
;

(2) if digits may be repeated ?

In (1) how many numbers begin with 5 and end with 7, and how
many have 5 as their middle digit 1

In (2) how many numbers begin and end with 5, and how many
have 5 as their middle digit ]

2. Find the total number of possible combinations of p + q things

of which /; are of one kind and q of another.

3. Find the number of combinations of 4 letters and the numl)er of

permutations of 4 letters that can be formed from the letters of the

word terrestrial.



98 ALGEBRA

4. Shew that the number of combinations, w at a time, of 2n things

of which n are ahke exceeds by 1 the total number of combinations of

n things.

5. In a city are 7n streets running nortli and south and n streets

running east and west. Find in how many different ways the direct

journey from the north-east corner of the city to the south-west corner

may be made.

6. If twenty i)ersons are seated at a round table, in how many
ways may three of them be selected if no two of these three are to be

seated together 1

7. In how many ways can p positive signs and n negative signs be

arranged in a straight line if no two negative signs are to be together ?

8. Find in how many ways 8 like things may be given to 5 persons

(1) if there is made no restriction as to the mode of distribution

;

(2) if each person is to receive at least one thing
;

(3) if each person is to receive one thing and no person more

than two.



CHAPTER VI

THE BINOMIAL THEOREM

1. Preliminary. By actual multiplication we know the expansion

of (a + x)-, {a + x)'^, {a + x^, and it may be a few higher powers of the

binomial a + x. Thus, for example,

(a + xf = a3 + ^a^x + 3ax2 + a^.

The question arises whether it is possible to obtain a rule for writing

down the expansion of a binomial to any positive integral power and

whether we can speak of an expansion and a rule for an expansion if

the exponent is a positive Jraction or a negative integer or fraction.

It will be seen that a rule is furnished by the Binomial Theorem.

The case first to be examined is that in which the exponent is a

positive integer. It will be well, before treating the general problem,

to obtain the expansion of say {a + x)'^ by a method other than formal

multiplication. Plainly (a + a:)^ is the product of the three factors,

a + x, a-\-x, a + x.

Each term of the product will be of three dimensions, one dimension or

letter being furnished by each factor, so that all possible terms are

a^, a'^x,ax'^, a^

except that coefficients are wanting. The term a^ can and will be

formed in only one way, namely by taking a from each factor; its

coefficient is therefore I. The term a'^x will be formed by takings

from one factor and with it the a from each of the other two factors

;

X can be chosen from one of three factors in 3 ways so that the term

a'^x can and will be formed in 3 ways and its coefficient is therefore 3.

The term ax- will be formed by taking x from two factors, and with

these two x^s the a from the remaining factor ; x can be chosen from

3 2
two of three factors in -^— or 3 ways and 3 is the coefficient of ax^.

1.2

The coefficient of a^ is seen to be 1. Thus we have

(a + x)^ = a" + 'da-x + 3ax^ + x^.
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EXERCISES

1. Find in the manner just given the expansions of

2. Find in like manner the expansions of

(a-x)\ (a + 2h)\ (2a-3b)\

3. How many terms in the expansions of

(a + xf, (a-xy\ (2a + 36)"?

2. The Binomial Theorem for a Positive Integral Exponent.

It is proposed to find the expansion of (a + xf where n is a positive

integer.

By {a + xY is meant the product of n factors

a-\-x, a + x, a + x.

Each term will be of n dimensions, one dimension or letter coming

from each factor, so that all possible terms are

af»,

except that the coefficients remain to be found.

The term a" can and will be formed in only one way, namely, by

taking a from each factor ; hence its coefficient is 1.

The term a^~'^x will be formed by taking x from any one factor with

the a from each of the remaining factors ; as x can be chosen in n ways,

the coefficient of a"~'^x is n.

The genera? term a'^'^'x'', the (r+l)th in order, will be formed by

taking x from any r of the factors with the a from each of the remaining

factors ; as the r factors which are to furnish x can be chosen in „C,.

ways, the coefficient of a^'^a;*" is

„C„or"<"-V>
(n-r+1)^

^^
n\

1.2 r {n-r)\ r\
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By giving to r the values 1, 2, n, we obtain the coefficients of

all the terms after the first. Hence we have

(a + xf = «" + na''-'^x + !!i!illlV--a;- +

n(yi- 1) (n_-r+i)
+ -^ p, ^ 'a^-'^a;'- + + x",

and the required rule for the expansion has been found.

Cor. 1. The sum of the coefficients in the expansion of {a-\-xY is 2".

(Found by putting a=l, x=l.)

Cor. 2. The sum of the odd coefficients is equal to the sum of the even

coefficients. (Found by putting a = l, x= - 1.)

Cor. 3. The coefficients of terms equidistant from the heginniny and
the end are the same.

Note :

—

(1) The number of terms is n \- 1, so that if n is even there is a

middle term, and if n is odd there are two middle terms.

(2) For convenience the expansion is frequently written thus

:

{a + n r = a- + { '^ )a-'x + ( ^
)a^-'x' + + ( '^ )a-^x^ + + a:^

where y ^^^

J
denotes ^ ^^ ~ {n-7 + )

^ ^y^ ^^^^^ agree to denote

the first and the last coefficient, namely 1, by ( ^'' ).

(3){l+xr=\+{'l)x + {[^)x' + + ("V^ +^-

(4) {a-xy = a^-{ T V"'^'+ (2 )
""'^'' - +( - ^^'

(r)
"''"'^*'"

+ +(-lrx^

Ex. 1. Find the middle term of (2x-3|/y<'.

There are in all 11 terms so that the middle term is the 6th, i.e., the term

involving if. It is therefore

10.9^87^
(2x;5( _ 3y)\ or - 252.32.243xV.

1.2.3.4.5 ^ '^ ^" ^
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Ex. 2. Find the sum of the s(iuares of tlie coefficients in the expansion of

Denote the coefficient of a:'" by Cr ; then Co= l = c,, and tv= c„_^.

.-. (I+X)" = Co + Ci X + C2 X- + + C^.i-r"-! + CnX**.

.-. (l+Xy = Cn+ Cn-lX + Cn-oX"^ + +Ci X^-l+CoOC".

In the product of the series tlie coefficient of a;'* is

co^ + ci^- + Co- + + Cn^

and this then is equal to the coefficient of a:'* in (1 + x)-*^ and therefore to ^
,

^

'

.

n I nl

The student is recommended to work the example by finding the

coefficient of x^ in the product of the expansions of (1 +a:)"and M -f _
j .

Ex. 3. If

(l + a:)'" = ao + ai cc + -\- arX" + + amX""

,

{l + xY = 6o + 6i a: + + hrx^ + + ^nX" ,

find the value of

6o Clr + hi Clr-l + bo ar-2 + + W ttQ .

This is evidently the coefficient of x^ in the product of the two series, and,

therefore, to the coefficient of x'' in (l + x)'"-*-'* which is equal to

(m+ 7i) (m+ n - 1) (m + n-r + l)

1.2 r

•••(T)(o)+(/-i)(i)-C-2)(2)+ +(o)(">("r)

EXERCISES

1. Write out the complete expansions of :

(a + hf, {a-b)\ (a + 26)5, (l_i:,.)6, (l + f^)*.

2. Find the middle term of the expansions of :

(x + yf, (x-yyo,{2a-3yy\ (i^-W'

3. Find the two middle terms of :

(.2a-3bf, {x-yf, {x'-yT-
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4. Write down the general term, i.e, the (/+ l)th term, of ;

3. The Binomial Theorem for Fractional or Negative Ex-
ponents. The question now arises whetlier an expansion can be

found for {a + xY when n is fractional or negative, and, if so, whether the

rule established for the case in which the exponent is a positive integer

is applicable. We shall first examine certain examples.

Ex. 1. Examine whether an expansion in ascending powers of ?: can be

found for (l-x-)-^.

We have (1 - a:)
-

1= -J— = 1 -^ (1 - x).
1-x

Let the division he performed :

l-a:)l (l + cc + 5c'+

1-x

\-x

+ x'

+ x'^ -x^

Plainly the operation of division will not terminate. At any step we may
write down a value of (l4-x)~^, in part a series. Thus we may say

{l-x)--^ = l + x + x' +— .

1-x
We are led to say

{l-x)-^ = l+x + x^ + x^ + in inf.

And we have indeed seen that the limit of this series is (1-x)-^, if x is

numericalltj less than unity.

Let us now apply tlie binomial rule, she^im to hold for a positive integral

exponent. This would give

i^(-i)(-.0+(zJJ^)(-.).4....+(^^;^^)-y(;i-'-+i) (-.cy+...

or when reduced
l + x + x' + x^ +

a series which will not terminate. The result is in agreement with the

expe»;i9ion found by division.
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Ex. 2. Examine whether an expansion in ascending powers of x can be

found for (1 -a)"'.

We have

Cl-a:V2=—J:
^

^ ' {\-xY l-2x + x»

Le'^ the division be performed :

l-2a;+ x-0 1 (l + 2x+3a:2 +

l-2.y + .y'

2x'-x2

2a;-4x'+ 2a:»

3cc2-2a;'

3x^-Ca^+ 3x*

4.7:^ - 3a*

It is seen that the division will not terminate and it may also be seen that

the law of terras in the quotient will continue. This last, however, is more

easily seen if we note that

(l-x)-2= (l-:c)-J-^(l-a;), •

and assume that it is permissible to divide an infinite series. We then have

{X-xy^il-^-x^-x^^- in inf.)-^{l-x).

Let the division be undertaken :

1-a:) l+x + x^ + x^+ (l + 2x- + 3.>:H....

1-x

2x+ x^

2x - 2x^

3x'+ x^

The law of terms in the quotient is now evident.

Now, let us apply the binomial rule to (1 -a.")" I This would give

l^(-o)(-.H(-^MrJ)(-.y+...+(-2)(-3)...(-3-,-^i)(.^^,^,,.
-L-^ 1.2 . . . r

which reduces to

l+2.r + 3x2+ +(/•+ !) :>:'•+

The result is in agreement with what was previously seen.
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The application of the rule here as in the earlier example furnishes an
infinite series.

Referring to Ex. 4, p. 85, we see that we can find the sum of n terms of

the series

l + 2a: + 3a:2 +

and if x is numerically less than unity, it can be shewn that the limit of the

infinite series is (1 -x)'^.

Ex. 3. Find an expression in ascending powers of x for (l + x)-.

We have (1 +x)^= \^{l + x). Let the square root be extracted,
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tions, for all integral or fractional positive or negative exponents. The

student who is not making a special study of mathematics may, for

the case of a fractional or negative exponent, assume its truth as thus

stated

:

(1) n is any j^ositive integer and x any number

^

or if

(2) n is a positivefraction or a negative integer or fraction while

X is numerically less than unity,

then

(i+xr=i+^:r+"<"-^)x'+ ^
«(»-i)... ..(«->•+ ly

^

It is to be noted that if ?z is a positive integer the series terminates

through the appearance of a factor zero in the numerator of a term

;

if n is not a positive integer no such factor can appear and the series

will not terminate.

If it is a question of the expansion of {a + x)"* where n is fractional

or negative, it is well, as a rule, to regard this as a'' ( 1 + - ) .

^ a^

In Art. 5 of this chapter will be given a proof of this theorem

which may, if desired, be now studied. The following examples,

however, do not depend upon the method of jjroof but only on the

result which as said may be assumed.

Ex, 1. Expand (1 - x)-^.

It follows from the general theorem that

(l-x)-«= l + (-3) {-x) +{z^^{-xy+

The general term is

(-3)(-4) (-3-r+ l) ,

_

1.2 r ^
''^'

This equals

( - l)'.f|^^^-^> ( - .)', or (Z±ll|±2) ...

1. ^ 1.2
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Ex. 2. Expand (rt + x)-^

(...)-w.(,,,)-^.l^.|,,,_,),^(:^)l^).(,y,
}

The general term of the expansion within the brackets is

<-^)(-=^> ^-^-'•+^>
. (2 )' or (-ly. (,.+1) t

1.2 r \a / or

:. (a + x)-'^\-2'l+3€- + (_i)r(r+ l).^ +
a^ a^ a*' a'-+^

Ex. 3. Find the coefficient of x^ in the expansion of (

+^
\

^

(l±|y= (l + x)2 (l-x)-2= (l + 2a: + x^) (1 + 2x + 3x^+ +T+lx^+ . . . .)

In this last product the coefficient of x*" is seen to be

(r+ l) + 2.r+ (r-l)or4r.

This result may be obtained otherwise in noting that

n+x \^ _{l-xy + ^x_.

Ex. 4. Find the sum of the first r+ 1 coefficients in the expansion of

(1 - xY where n may be any positive or negative integer or fraction.

Let

{1-xY =cq + cix + csa:^ + + CrX'' +

Also we have

(l-a;)-i =1 + X + cc2 + + a:*" +

Then co + ci + + Cr equals the coefficient of x^ in the expansion of

the product (1 - xY (1 — 2c)"^ or (1 - a:)'*"^ This coefficient equals

(71-1) (71-2) (n-l-r + 1) (7i-l)(n-2) {n-r-)

1.2 r
^^

V\
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EXERCISES

1. The following special expansions are so important that the student

should be familiar with them. They are put as exercises and the general

term in each case is to be found.

(1) (l-A-)"^ =l + x + x^ + x^-{-x*+

(2) (l+x)-! =l-x-\-x^-x^ + x*-

(3) (l-x)-2 =l + 2x + 3x^+ 4:x^ + 5x*+

(4) {1-xy^ =l +3x+^x^+^x^+ ^^x^+

^
^ ^

1.2 1.2.3 1.2.3

^ ^ ^ ^ 1.2 1.2.3

2. Find the general term in the expansion of each of the following :

(1 - xf, (1 -x)~ ^, (a + x)\ (2a - 3x)~\

3. Find the first negative term in the expansion of (l + x)\

4. Expand to 5 terms in a series of powers of the fractions appearing in

the binomial :

(-^o) ' (-D • (-D-10/ V 3/ ' V 2

5. Find the general term in the expansion of each of the following :

{1 + xy, {l + 3x)~i, {l-x)~^.

6. Find the coefficient of x^ in the expansion of each of the following :

1 + x (1 + xy {1 + xf
{1-xf {1-xf {i-xy'

7. Expand to four terms each of the following :

(1-x)^ (l-x)K (l + xy (1+x)^ (l + 2.r)i

1 — x
8. Find the sum of the first r + 1 coefficients of the expansion of tz r^*

(2r) '

9. Prove that the coefficient of a;'" in the expansion of (1 - 4x)~^ is j^^.'
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10. Recover the power of a binomial wliich leads to each of the following

:

a)i+<3-)-3a)v.ay.

^ 2 2 2.4* 2'^ 2.4.6' 2^ ** "

(3) l +l+L^ +^^+^^ 3 3.6 3.6.9

.(4)l +ULiJ+l:i_M +
^ ^ 5 1.2 52 1.2.3 53

4. Approximations. When in a problem the result is given in

the form of an infinite series it is in general necessary, for practical

purposes, to accept the approximation furnished by some definite and

small number of terms. The following examples will illustrate this

fact. The question of the degree of the approximation will not be here

investigated, the student being referred to the excellent Algebra of

Chrystal, Vol. II, p. 192, et seq.

Ex. 1. A cube of copper of edge 1 in. at 0°C. is brought to a temperature

of 1°C. It is found that each edge has been increased in length 0000017 in.

;

find the increase in volume. The volume at 1°C. is (1 + 0*000017)^ cubic in.

and this equals

(1 + 3x0000017 + 3x0000017^0-000017') c. in.

The last two terms are very small compared with the second term and the

volume to a degree of approximation that makes it practically correct is

(l + 3xO"000017) c. in., so that the expansion in volume is 3x0*000017 or

0-000051 c. in.

Here 0-000017 is the coefficient of linear expansion of copper and 0-000051

the coefficient of cubical expansion.

In like manner if the coefficient of linear expansion of a given metal is x

the coefficient of cubical expansion is 3x.

Ex. 2. Find approximately the square root of 99.

/99-=(100-l)i = 100i(l-jl/ = 10(l-jl-J*

/111
10 fl-l._l_l.J__l. J— )

V 2 100 8 100^ 16 100^ /

The terms within the brackets become small very rapidly, and if we take the

first three terms as an approximation, the result is 9 949875, which is correct
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to 5 places of decimals, the root having the digit 4 in the sixth place. By
taking four terms we get a result correct to eight places of decimals.

Ex. $. If a; is a quantity so small that the cubes and higher powers of x

may be neglected, find the approximation to the value of

(1 + 2x0^ (1-x)^

{l+2xf{l-xf{l + ^^y'
This fraction =

4

= , approximately

2 8

4

1 Ix 29^2
, neglecting powers higher than the third.

4 8 32

EXERCISES

1. Find approximately the square root of each of the following numbers :

24, 80, 620, 224, 1220.

2. Find approximately the value of each of the following :

63*, 97^ l-f47^ 240i 1-4-127^

3. If the coefficient of cubical expansion of a certain metal is 000078,

find the coefficient of linear expansion.

4. If X is so small that its second and higher powers may be neglected

find the value of each of the following :

{l + 2x)^{l-^xf, {4.+ x)-^{l-x)-\ (8 + a:)-*(l + x)^

(l + 2a;)^ + (l-3x)~^ (5 + 9a;)-^ + (3 + 2a:)-^

(l-f4a:)^ + (l + 5a;)r {l+xf
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5. Proof of the Binomial Theorem for a Positive Fractional

Exponent and for a Negative Integral or Fractional Exponent.

The following proof of the theorem, under stated assumptions, for

the case in which the exponent is fractional or negative, is now added.

The series

m^^ 77<m-l) , m{m-\) (m-r+\)
1 1.2 ' •• 1.2 r

^

will terminate if m is a positive integer and its value is then (1 4-cc)"*.

If m is not a positive integer no factor can be introduced into the

numerator of any terra so that the series will not terminate ; this

infinite series has a finite limit when
\
x\ <1, a fact which will be

assumed, and under this supposition as to the values of m and x, it is

proposed to find the value of the series. The value of the series

depends on that of m ; it is then a certain function of m which will be

denotecT hj f{m). Thus if m is a positive integer/(m) = (1 + xY\ Then

if (^^\ is written for —^
' ^—I ' whatever be the value

\r) 1.2 r

of VI,

/w=i+C">+("y+ +(;y+

Also, if m is replaced by n,

/(«)=i+(»>+©-^+ +(»y +

Assume now that it is permissible to multiply two infinite series

with finite limit as if they were polynomials ; then

f{rii) . J\n) = 1 + H- j + (,Hx + an infinite series of higher powers of x.

In this product, the coefficient of x^ is

e)+(T)C!i)+ (:)(:)•

This series of fractions involving vi and n may be added to form one

fraction and the way in which m and n appear in the result will be the
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same whatever values 7/1 and ?i have. But when ;/i and 71 are positive

integers (See Ex. 3, p. 102), the sum is

771 + -^ix (m + )f) (771 + 11 - \) ^7n + 7i-r+\)
» ov —('";")

1.2 r

which must then be the sum whatever be m and n. Therefore, what-

ever be the values of 771 and 71,

/(m)./(n) = l+(m + n)a:+^^^^ + "^("^^+"-^)a-^ +

.-. /{7n)./{7i)=f{7n + 7i).

Hence, also,

/ (^) •/ (^0 •/ (/') =/M / {n + p) =f (m + 71 +p),

and generally,

/W./W f{t)=/{77i + n + .....+t).

Suppose that here there are q factors and put 7n, n, , t each

equal to ^ where p and q are positive integers. Then
9

{/(D}'=/6-^)=/<^)qyj \q

= (1 +xy', since jt? is a positive integer.

•/(p=(i + .)t.

Hence, '^i f(J- \ is written at length,

(\+xf ^\+tx + 'i21
£a,.2 + ... + ?2? i_^i Lx' + ...

q 1.2 1 . 2 ........ ?•

and the binomial rule applies to the case in which the exponent is a

positive fraction.
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As there are more than one ^-th root (q indeed) of which one or

at most two are real, it is necessary to determine which ^th root is

given by the expansion. Let x grow to the value 0; then {\+x)9

P.

becomes V^ and the series becomes 1 ; hence, for these to be equal, the

^'th root taken must be the arithmetical root.

Next let ??i be a negative integer or fraction, and put it equal to

- ni where 7n' is positive. Then

/( - m) . /(m') =/( -m+ m) =/(0) = 1

.-. /( - m') = _i_.

But m being a positive integer or fraction ^(w') = (1 + a:)"*'

(1+./.')'"' ^
^

.-. (l+:tt«=/(m),

or if fi^tii) is written at length

7)1 raim - 1 ) rtilm - 1 ) . . . . (m - ?- + 1)
(I 4-x)- = \+YX+ ^2 ^'+- • • •

-^
^

1.2.... r
''^ ^ • •

•

Hence the binomial rule applies to the case in which m is a negative

integer or fraction.

6. The number of Homogeneous Products. Let «, 6, c, , h,

be n given letters, and consider the product of the n infinite series

:

\-\-ax-\- a^x~ + + a^'x'' +

l+bx + b'-x^+ +b'-x'-+

\ + cx + c'^x^ + + C,/-'- +

l+hx + h'-x'^ + + h'x^ +

In this product the coefficient of a:'" will be the sum of all possible terms of

r dimensions that can be made from the n given letters and repetitions

of them, i.e., will be the sum of the homogeneous products of n things

r at a time. If each of a, ^, c, , A be put equal to 1, each term in
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this sum is 1, and the sum is the number of such products. But when

the letters are thus replaced by unity, the product of infinite series

becomes {\ + x -\-
x- -\- )" or (1 -a;)"", and in this the coefficient of

a;*" is

n{7i + 1

)

(n + r - 1

)

1.2 r
'

and this is therefore the number of homogeneous products of n things r

at a time.

7. The Numerically Greatest Term. It is proposed to find

the number of the term or terms of greatest numerical value in the

expansion of (1 -{-xf . The (r+ l)th term is formed from the rth by

multiplying by
n-r+\ /n+\ \

. .T or { -\ )x
r \ r /

which may be called the niuUiplier for the (r + 1 )th term. As we are

concerned only with the numerical value of terms, we need consider

only the numerical value of this multiplier, and may then suppose x to

be positive.

I. Suppose n a positive integer.

Then since r cannot be greater than n + \ the multiplier is always

positive. Now
the (r+ l)th term > = < the rth term

(»_±i-i).> = <ias ^

r

as > = < _ + 1 jv -^
r X

M > = <
n+1 x+i

M r > = < ^ i—
x+l

As long as r is less than this value the terms continue to increase and,

when r passes this value, to diminish. If , is an integer p, the

multiplier for r=jp is 1, and the pth. and (p + l)th terms are equal and

I
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{n + \)x
greater than any other term. If ——v— is fractional and between the

integers jo and ^9 -t- 1, then r =p is the last value that makes the multiplier

for the (r + l)th term greater than unity and the (jo + l)th term is the

greatest.

II. Suppose n a positive fraction, or a negative integer or fraction.

We have then to take x less than 1.

(1) Let n be a positive or negative proper fraction.

Then 0<n+\<2

< < 2, for all values of r
r

.'. — 1 < - 1 < 1, for all values of r
r

Thus, a? being less than 1, ( -\)x is numerically less than 1, so

that the multiplier for the (r + l)th term is always numerically less

than 1 and the first term is the greatest.

(2) Let n=-\.

The expansion is then \ \- x -\-
x^ -\- , and the first term is the

greatest.

(3) Let n< - 1.

Put n= -m where m is positive and greater than 1. The multi-

plier is then numerically
(^
~—^IZ— j x or ( + 1 ^ a?. Then

the (?• + 1 )th term> = < the rth term

as ('!LzJ+l)^>=,<l

^^-1 -^_^1 1
II > = <- —1

^ X

/. II

^ > = < ,

m-1 1-a^

\ -X \ - X
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Therefore as in I, if this last value is ;in integer p, the pth and

(/^4- l)th terms are equal and greater than any other term, while, if it

lies between the integers p and ^j+ 1, the {p+ l)th term is the greatest

term.

(4) Let n>l.

When r>7i+l it is plain that the multiplier ( -
1
J x is num-

erically less than unity, so that the greatest term is among those for

7'<7i+\, since 7i not being an integer, r cannot equal n+\. The

multiplier is in this case positive. As before we find that

(r + 1 )th term > = < ?'th term,

(n+l)x
- as r> = < ^ ^,

1 +x

and that, if this value is an integer ]), the pth and (p + l )th terms are

equal, and are the greatest terms, while if this value lies between the

integers/) and p+l, the (p + l)th term is the greatest.

EXERCISES

1. Find the number of the greatest term in each of the following expan-

sions, reproducing the reasoning of this article :

(1) (l-a-r force= f.

(2) (l + a3)'5for.T =f

(3) (l + cc)" for2c=|andforcK=f.

(4) {1 +xf ior x=^.

In each case write down the multiplier for the 2nd, 3rd, terms until the

greatest term is reached.

2. Find the number of the greatest term in the expansion of each of the

following :

(1) (l + x)-^fora:= f.

(2) (l + a:)^^forx=|.

(3) (l + a^r fora;=f.

(4) (l + x)'3'forx = f.
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EXAMPLES

(Note.—When, in the following examples, the letters Cq, Cj, Cg,

appear, they are supposed to be the coefficients in the expansion of

(1 +xY where n is a positive integer, and the last of them will therefore

be c„.)

1. Find the middle term in the expansion of (x— V .

\ X ,

2. If in and 7i are positive integers, shew that the coefficient of x^

in the expansion of (I -a;)-("+^) is equal to the coefficient of of' in the

expansion of (1 -a:)-("^+i).

3. Shew that, in the infinite series which gives a biiiomial^xpansion,

the terms are sooner or later of the same sign or of alternate signs.

Illustrate each possibility.

4. Shew that

c, c, c, c'-i 2

(1 +.r)'^
5. Find the coefficient of x^^+^ in the expansions of -, _

—
- and

6. Sum to infinity :

' (\\\ ^ 1.3 1.3.5

^ ^ "^ To
"^
1027)

"^
10.20.30

^ ' 9 9.18 9.18.27

7. Find the sum of the first n + r coefficients in the expansion of

i-x
'
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8. If n is a positive integer, shew that

V 12.22

How nicany terms are there in this series ? "

9. Shew that

(n + iy
(Cq + Ci) (Ci+C^) (Cn_i + C„) = C^C^ C„ ,

10. Find the vahie of the remainder after ti terms in the expansions

of (l-a:)-i and(l-a:)-2.

11. Shew that

. Co + ^l+^-2+ +-^, =^
T-^-^23 n + 1 n + 1

12. Find the coefficient of cc^i/V^ in the expansion of {x-\-y \-zf-^.

13. Shew that

Cj - 2c2 + 3^3 - +n( - l)"-ic„ = 0.

14. By treating 1 - 2.r + 3a:2 as a binomial find the coefficient of aj*

in the expansion of ( 1 - 2a; + 3a32)^

15. Shew that

Co + 2ci + 3c2 + + (w+l)c„=2'^ + n2''-i.

16. Shew that

0^2 + 20^2 + + wc„2 = (2n - 1) ! -^ (n - 1) ! (n - 1) !

.

17. If ?z is an odd positive integer shew that the integral part of

(v/2 + l)Ms(v/2 + ir-(l/2-l)».

18. Shew that

Co2-Ci2 + + (-l)X2

n

is equal to if n is odd and to (
- \)^ n ! -i-(Jn) ! (Jn) ! if n is even.

19. If n is a positive integer shew that the integral part of

(2 + j/3)'* is an odd integer.



CHAPTER VII

THE EXPONENTIAL AND LOGARITHMIC SERIES

1. The Exponential Series. It is proposed to make a brief

study of the infinite series

'-J-U- ^-x^- (1)

a series which, on account of its simple form, might very easily have

suggested itself for examination. This series has a finite limit for all

finite values of x, a fact which will be assumed. Thus for a; = 1 the

series is

This last series is seen to be less than

1 + 1+1+— +—+ + _L +
2 2.2 2.2.2

^ >- '^
')r-.l

which after the first term is an infinite geometrical progression with

common ratio h so that its sum is

Thus the series (2) has a finite limit between 2 and 3. This limit can,

by taking a sufficient numl^er of terms, be found to any degree of

accuracy but it cannot be computed exactly. Its value is denoted by e

so that

^=l+j+A_ + _i_+ in in/ (/)

Approximately <^ = 2-7182818

Denote the series (1) by r(.x'), thus indicating that it is a function of

X. Then putting for x the values in and ?i we have
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FW=l+-,-+ + ^-.

F(„)=,,iL,|^. -^-

Assuming that these series may be multiplied as if they were two

polynomials we have

F(7?i) . F(7i) = 1 +— (m-hn) + terms of higher dimensions in m and n.

In this product the term of ?• dimensions in m and n is

J*""! oj '»m''~2 ^j2

71'*"(r-l)!
' 1T"^(r-2)!' TT TT

which can be put in the form

riL 1 1.2 J

which is equal to (m + n)

Then giving to r the values 1, 2, 3, we have

F(m).F(n) = i+(!!i±^ + (!!i±!iV + (!!i±^r+1!2! r!

that is, the product is the result of putting m 4- n in place of (a.-) in (/).

Therefore,

F(m).F(72) = F(77i + n). (//)

Let, now, X be a positive integer. Then, by repeated application of

(//), it follows that

F(l). F(l) toaj factors = F(l + l+ to a: terms).

.-. {F(l)}'=F(a:) (///)

Next let i- be any positive fraction, p and q being integers. Then

f(^ ). f(- ) to ^ factors = F(- +^ + to g terms)

.'. ] F( - ) - = F(/?) = j F ( 1
) I , by (///) since /> is a positive integer.
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Then extracting the ^-th root

{-^={mf iiy)

Thus from (///) and {IV) it follows that for all positive integral or

fractional values of x

{f(1)} = F(x).

Finally let x be a negative fraction or integer and equal to - y so

that y is positive. By (//) we have

F( - ?/) . Y{y) = F( - 2/ + ?/) = F(0) which is seen to be 1.

^(2/) {f(1)}' ^ ^

Thus also, replacing - y by x, we have when x is a negative integer or

fraction

F(.r)=-[F(1)}' .

Hence for all positive or negative integral or fractional values of ic,

{F(l)}- = F(^).

But F(l) = e( = 2-7182818 approximately). Therefore

e-=l + f +-+ +-+ ....: (T)
1! 2! r!

This is the exponential theorem.

2. Logarithmic Theorem. In ( V) of the preceding article replace

X by X log„a. Then, since e^^°f^«°= {e'"^6«}^ = rt^ by the definition of

logarithm, it follows that

, x-log.ft a;2.(lQg,a)2

"""^"^-T-^ 1.2
^

In this put x—\ +y.

.-. (I +yr=i ^
^•ioge_(i+y)

^
^--{ioge(i+y)}%

I 1.2
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Let y be numerically less than 1 so that \ve may expand (1 + y)' by the

binomial theorem. Then

x(x- I) o x(x- 1). . . (a:-r+ 1) ^ ,

(l+y)'=l+,x-.y + _i__i2/2 + ...+ -^--^^^—
i^ -V+...

Then equating the coefficient of x in the two values of (1 +</)', we have

log.(l.y) =f-|%f-?+

This is valid for values of y numerically less than 1. Replacing y by x

as the theorem is generally quoted in terms of x, we have for |^'|< 1

2 o'3 o«4X X" .
XT X

'^'^
^ 12 3 4

This is the logarithmic theorem.

It can be shewn to be valid for cc^l, thouf^h not for a =1. By

giving to X the value - J we can find to any degree of accuracy log^ 2

and then by putting x= -\ the value of log^ 3 and so on. This is not

the best way of finding these logarithms, as the series may be modified

to give the approximate values more readily, but this matter we shall

not deal with further.

When the logarithms of successive integers to the base e have been

found they can be changed to logarithms to base 10. For having

found loge 10 we have for any number N

1 XT log, N



MISCELLANEOUS EXAMPLES

1. li a^ = y + z, b- = z + X, C" = X + y, and 2s = a + b-\-c, shew that

is{s -a) (s- b) (s-c) = (yz + zx + xy).

2. Resolve into linear factors :

6.r2 - a: — 15, Gx^ - Z\xy + SSi/^,

a;2 + 8a:+ 9, a:2+ bxy + 83/2,

2a:2-3a;- 7, 4.r2-lla:y+ by'^.

3. Shew by repeated division by 7 that

5194915 = 6.77 + 2.76 + 1.75 + 4.73 + 3.72 4. 4,7 + 5

or, otherwise expressed, that 5194915 in the scale of ten is equal to

62104345 in the scale of seven.

Express

(1) 32974 in the scale of 5.

(2) 98573 in the scale of 9.

(3) 13827 in the scale of 2.

(4) 83141 in the scale of 13, employing t, e, z to denote 10, 11, 12.

4. Solve

(a: + 2) (a; + 3) (a: + 4) (a: + 5) = 1680.

6. If ^ = ^ = -, then
I ra n

{x^ ¥ y^
-\- z^) (yz + zx-\-xy) _ x^ + y* + z!^

(^2 -I- rn^ + w2) (mn + n/ + Im) ~ I* + m"* + n"*
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II

1. Construct a geometrical representation of each of the formulae :

(1) (« + ^)- = a2 + 2a6 + 62;

(2) {x + a) {x + b) = x'~ + {a + h)x + ah
;

(3) {x^y)(x-y) = x'^-,/-

(4) (a- + 2/)2 + G.--2/)- = 2(r.2 + 2/2).

Give to each formula a verbal statement.

2. Employ the factor theorem {y. page 17) to shew that for positive

integral values of ?i,

(1) x"^ -y^ is divisible by a; - y j

(2) a--" - /" is divisible by a; + 2/

;

(3)
a;-''+i - 3/-"+^ is not divisible by x^y.

3. Perform the following computations in the scale of 7 :

(1) 3652 + 2153 + 3154 + 1421 + 243.

(2) 5136-3654.

(3) 21354x4.

(4) 156341 + 25.

4. Solve

(4x2 + 1 6a3 + 1 5) (x2 + 7a; + 1 2) = 700.

5. Solve the simultaneous set of equations

2x - 3?/ = 3,

3.r-22/ = 7.

Also for each find y in terms of x and represent y graphically.
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III

1. If 2s = a + b + c and 2r2 = a^- + b- + c~, shew that

(r2 - 62) (r2 - c2) + (r2 - c^) (r^ - a'-) + (r^ - a'~) {r"- - 62)

= 4s(5 - a) (5 - 6) (s - c).

- 2. Factor :

3x-2 + 1 1.1-2/ +10y2+17jc + 312/ + 24,

6.^2 - 12?/2 - 28^2 + 2,1yz - 2zx - xy.

3. Perform the following computations in the scale of 13 where

t, e, z are the digits denoting ten, eleven, twelve

:

-^
(1) 5e39« + 4372;2+ 1-84^ + 57^31.

(2) 53-4e + 0-3^5 + 5-247 + 3-^^e.

(3) 7123^5 -4s35e9.

_ (4) 53-47x23; 21-42 x 2-3.

^(5) 5934^+9; 120-0;^ -^ 2-e.

^ 4. Solve

(4^2+ 16.,.+ 15) (x2 + 5x + 6) = 420.

5. If

z - a'.z -h \'.z - c:z - d
and

a--\-ad-\- d- ^b--\-hc + c-,

then
z = a-\-b-\-c-\-d.

IV

1. If A, B, C are three points on a straight line, and P any other

point on the line, then

(i) PA.BC + PB.CA + PC.AB = 0,

(ii) PA2.BC + PB2.CA + PC2.AB= - BC.CA.AB,

it being understood that lengths measured in opposite directions in the

line are affected with unlike signs.
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2. Employ the factor theorem to shew that, for positive integral

values of n,

(1) a;-"+^ + y'"""'"^ is divisible by x + y,

(2) x'-" +y"" is not divisible by x + y,

(3) .r" + y" is not divisible by x-y.

3. Express 58437, given in the scale of 10, in the scale of 7,

transform the result to the scale of 13 and then transform the result

to the scale of 10.

4. Solve

24.t4 + 22x3 _ 47a;2 + 22a^ + 24 = 0.

5. Shew that the two equations

2x + 3y = x + iy + 3

3x + 5y==x-{-7y + 7

are inconsistent, i.e., cannot be satisfied by the same set of values of

X and y.

In each case find y in terms of x and represent y graphically.

1. Verify the following expressions for the cube of the trinomial

a + b + c :

(1) a^ + P + c^ + 3a%b + c) + 3¥{c + a) + Sc^a + b) + 6abc

;

(2) a^ + b^ + rj + 3{b + c)(c + a){a + b)',

(3) a^ + b'^ + c^ + 3{a + b + c) (be + ca -f ab) - Sabc.

Give to each of the corresponding formulae a verbal statement.

2. Factor

1 - 2ax - (c - a^)x^ + acoc^
;

a^a^ — b'^xip- — a^cx? + i^ci/-

;

cP-ia + 5 + c + c?) -f abc + bed + cda + dab.
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3. Find the square roots of the following numbers in the scale of 7 :

562, 4621, 15462, 2050-21.

4. Solve

(.r + 3)* + (^' + 5)^ = 3026.

5. If

x{b -c) + y{c - a) + zia -b) = 0, y
shew that

,.. bz - ci/ ex - az ay - bx

b -c c-a a-b *

(2)
y-^^ ^-^ ^^-y
b - c c-a a-b

VI

1

.

If A, B, C, P, Q are any five collinear points, then

AP.AQ BP.BQ CRCQ
AB.AC"^BC.BA"^CA.CB~

2. If f{x) is any polynomial, then

is always divisible by x - a.

3. In what system of numeration will the number 435 (base 10) be

written $61?

4. Solve

xy=\b.

5. Shew that the following two equations

2x- 3y = 0,

^x-\Zy = 0,

are inconsistent unless x and y are both zero.

Represent y grnphically in each case.
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YII

1. If x + y=p, xy = q, find x- + y'^, x''' + y\ x'^ + y^, x^ + y^ in terms

of p and q.

2. Factor:

xi +x^ + y^;

a^ - 2abx'- -a^- a^"^ - b*
;

(l+2/)2-2a-2(l+2/2) + .r4(l-2/)2;

{bx + ayY - 4abxy(bx + ay)- - (a-x'^ - b^y^y.

3. Shew that any number written in the scale of ten is divisible by

9 if the sum of the digits is divisible by 9.

4. Solve

5. If

then

x'^ + y^ + 3(x-y) = U,

x + y= 9.

a^~bc b^ — ac c"^ - ab

a - abc b — abc » - abc

abc

, ft

VIII

1. If A, B, C, D, P are any five collinear points, then

AP
.

BP . CP DP
AB.AC.AD BG.BD.BA CD.CA.CB DA.DB.DC

= 0.

2. A polynomial in x is divisible by x - I if the sura of its

coefficients is zero, and divisible by .r + 1 if the sum of the coefficients

of the odd powers of x is equal to the sum of the coefficients of the

even powers.

3. Shew that any number written in the scale r is divisible by
r - 1 if the sum of its digits is divisible by r - 1.
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4. Solve

6a;2-17a-2/+12y-= 0,

.T-+ 3x1/ - by =17.

5. Shew that the following three equations are inconsistent :

^ 2x+ .^// = 24,

1x- :\rj= 9,

4x+ 1 1// = 45.

IX

1. lix'^-px+\=0, i/-qy+\^0, z'--rz+\=0,

then

{x^ + y^-\-z^) + {x-^^y-^ + z-^)

2. Factor

26-c2 + 2c%2 + 2a262 _ a^ _ 6^ - c^,

4(ac^ + 6c)2 - (a2 _ 52 _ ^2 + ^^2^2,

3. Shew that any number written in the scale of ten is divisible

by 11 if the difference between the sum of the digits in the odd places

and the sum of those in the even places is divisible by 11.

1. Solve

5. If

xy{x + y)=-,

1 1 K- + -=5.
X y

h-c 2(c-a) 3(a - b)

then

2y + 3z iz-\-5x Ix-y

29a:+10?/-f 30;2 = 0.
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X

1. If a, b, c measure the sides of a triangle ABC, and if ^; measures

the perpendicuhir from the vertex A to tlie side a, find p in terms of a,

b, c and obtain the expression

y's{s - a) {s - b) {s - c)

for the area of a triangle.'&'

2. If

where p^, p.^, . . . .
, p^ are positive or negative integers, is divisible by

X - «, where a is an integer, shew that « is a factor of p^^.

3. Shew that any number written in the scale of r is divisible by

r+ 1 if the sum of the digits in the odd places is equal to the sum of

the digits in the even places.

4. Solve:
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Factor :

(1) hc{b - c) + ca{c - a) -{- ah{a - b)
;

':
(2) {x^-y + zf-x^-y^-z^;

(3) {y-zf + {z-xf + {x-yf.

3. Express f as a decimal (or radix) fraction, explaining the
process.

In like manner shew that |f, given in the scale of 10, is equal to

A + T%- ' ^•'^•' ^^ *^® radix fraction 0*78 in the scale of 12.

Obtain this result also by changing the numerator and denominator

of the given fraction to the scale of 12, and performing the indicated

division.

4. Solve

1 2x5 _ 8x'4 _ 45^3 + 45^2 + 8.x- - 1 2 = 0.

5. If

then

m n p x^ ip- z^
_ = - = -and— + — + .,= 1,
X y z a- b- c^

771- 71"^ j)^ m- A- n^ -\- p^

^ "^
A2

"'" ^ ^
r,-l _i. -,/2 .

~2'X- -\-y--\-z'

XII

1. Distinguish between an identical equation and a conditional

equation, and explain the statement : Every coiulitio7ial equation

is a hypothetical ide^itity (Chrystal, Text Book of Algebra, Part I,

page 286).

2. By means of the remainder theorem shew that a-\-b-\-c is a

factor of

rt^ 4- 6^ + c^ — 3a6c,

and, noting the degree and symmetry of the expression, obtain without

actual division the formula

a3 + 634-c-^-3/i^>c = (a + i + c)(«2 + ^,2^c2-6c-ca-a6).

Also obtain this result by adding to a^ + b^ in the given expression

to complete the cube of a + ^.
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3. Sliew that

(1) § =0-4 in the scale of 6;

(2) I =0-68 in the scale of 12
;

(3) ^ =0-794 in the scale of 11.

Does the question, whether the given vulgar fractions are in the

scale of 10, arise?

4. Solve
a;5 + l = 0.

5. (a) If X satisfies the two equations

ax + b = 0, a'x-{-b' = 0,

explain why it is to be concluded that there must exist some relation

among the quantities a, b, a', b'.

Shew that the relation is

ab' - a'b = 0,

or, in a notation much in use,

{ab') = 0.

(b) If the equations

ax + by = 0, ax + b'y = 0,

are simultaneously true, and if x, y are not zero, shew that

ab' -ah = ^.

XIII

1. Shew that, if

(a;2 + 2/2 + ^2) («2 _|. ^,2 + c2) = {ax + by + cz)\

then
X y z

a b c

2. Shew that 5 - c is a factor of

a{b- cf + b{c - af + c{a - bf.
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Infer two other factors, and, noting the degree and symmetry of the

given expression, determine the remaining factor.

Factor :

(1) a%b -c) + b\c - a) + c\a - b)

;

(2) (x + y + zy-{i/ + zy-{z + xy-{x + yY + x^ + y^ + z\

3. Express yf, y|-, yf as radix fractions in the scale of 12, supposing

the given fractions to have their terms written (i) in the scale of 10,

(ii) in the scale of 12.

4. Solve

12a;4 - 280^3 _ 9x'- + 28x+U = 0.

5. If

xyz ^ xyz „——— - x' = --— - y^
y + z z + x

then each of these expressions is equal to yz + zx + xy, and to

unless x = y.

xyz

x + y

XIV

1. Form the equation whose roots are the products by r of the roots

of the equation

ax'^ + 2bx + c = 0.

2. Factor:

(1) b'-c^ib -c) + c\c^-{a - 6) + a^^a - b)
;

(2) a^(b -c) + ¥(c-a) + c\a - b).

3. In the scale of 12 what vulgar fractions will give rise to

terminating radix fractions 1

4. Solve

8x^ - i2x^ + 2 l.x-4 + 8ix^ - 21.x2 - 4 2a; - 8 = 0.
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5. If the three equations

a x + b y + c =0,

a x + b' y + c' =0,

a"x + b"y + c" =0,

are satisfied by the same values of x, y, shew that there must exist a

relation among the known quantities appearing in the equations, and

that this relation is

a{b'c" - b"c') + b{c'a" - c"a') + c{a'b" - a"b') =
or

a{b'c") + b{c'a") + c{ab") =

or, in a convenient notation,

(ab'c") = 0.

This relation, as also that found in Ex. 5, xii (p. 132), shewn to

exist if the unknowns satisfy a given set of equations, is called the

eliminant of the given set of equations.

The following equations

2x+ 32/ -21 = 0,

7ic + ll2/-76 = 0,

13a:- 5i/-15 = 0,

are not consistent.

XV

1. If rt, ^, c, X, 2/j 2 are real quantities and

shew that a = b = c and that x = y = z = 0.

2. Factor:

(1) {a + b + c)(bc + ca + ab)-abc;

(2) {b-c){b + cy + (c-a){c + ay + {a-b){a + b)^;

(3) {x + y + zf-iy + z- xf -(z + x-yf -{x + y - zf.
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3. Shew that uuy integer can be written in the form

ao.l+a^.l.2 + a2.1.2.3 + rt3. 1.2.3.4+

when «Q = or 1 and a^, a.,, a.^ are integers (zero included) less

respectively than 2, 3, 4, , and that any fraction can be written

in the form

1 1.2 1.2.3 1.2.3.4^

where a^ is zero or an integer and a^, «2' ^3 ^^^ integers (zero

included) less respectively than 2, 3, 4,

4. Solve

V 3a;2-2x + 9 + (3.r + 1) (a: - 1) = 46.

Discuss the question whether there are four roots or two.

5. If

a- b z' b - G X
y^ = '_£

, and also ± — = ^.

then will

2;2 _ X- _ ZX

c-a y

XVI

1. The numerically greater root of

ax~ -bx + c =

b
has the same sign as - and the numerically less root the same sign

as -t the roots being supposed to be real.
c

2. Shew that if .x-""^ - a""^ is divisible by x - a, so also is x^ - a".

From this and the fact that x- a or x^ - a^ is divisible by x - a, shew

that, for all integral values of ii, the expression a:" - a" is divisible

by x-a.
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3. The weight of a cubic block of lead varies as the cube of its

edge. Wlieii the edge is 3 and the weight is 3G. Find the consequent

relation between the weight of a cubic block of lead and its surface.

4. Solve

1 1 X + iJ

X y 12 x + y + b

5. Shew that if the three equations

a x + h y + c 2; = 0,

a X + b' y + c z = 0,

a"x + b"y + c"z = 0,

are satisfied by other than zero values of x, y, z, then there must exist

among the coefficients the relation expressed by

{ab'c") =

As in Ex. 5, xiv (p. 134), this result is called the eliminant of

the three homogeneous equations in three unknowns.

If x, y, z are not all zero the three equations

5x -2y — z = Qj

ic + 62/ - 52; = 0,

8a;- 2/-3;s = 0,

are inconsistent.

XVII
1. If

{y-zf + {z-xf-\-{x-yY

= {y + z- 2xf + (z + x- lyf + (ic + 2/ - ^zf

and £C, 2/, z are real then x = y = z.

2. If m + in, where i denotes ]/ - 1, is a root of the equation

ax^ + 2bx + c = where a, 6, c are real, then ??i - in is the other root.
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3. Sum

(1) 1-5+ 9-13+ to 27i terms

(2) 1-9 + 17-25+ to 2n+l terms;

and obtain a formula which will give the sum of n terms of the series

1-3 + 5-7+

whether n be odd or even,

4. Solve

X + 7/ + Xl/ =11,

x~y + xy- = 30.

5. If

yz zx
x~— y - —

^ _ y_^

I - yz I - zx

and X and y are unequal, theti Will each member of this equation be

equal to

z

1 - xy'

XYIII

1. Shew that the roots of x~+2)x-\-q = will be rational if

yy = ^• + - , where p, q, k are any rational quantities.

2. Assuming that a;-""' + rr"-^ is divisible by x-\-a shew that

_,.2n+i_|_^2n4-i ^nu^t bc divisible by o:-\-a.

From this and the fact that o:^ + a^' is divisible by x ¥ a wliat

inference is to Ije made?

Note:—In this example, as in Ex. 2, xvi (p. 135), a general theorem

is established by observing it to exist or be valid in some one particular

case (a first case) and shewing that if it is valid in any one case it must

be valid in the iiext case. It tlien follows that tiie theorem is true for
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all cases, and it is to the totality of all such pcjssible succeeding cases

that the generality of the theorem refers. In the examples considered

all cases are given by the successive positive integral values of n. This

method of proof is known as iiiathematical induction or complete

induction. There are many theorems which to be established by this

method must be known to be valid in more than one particular case.

3. A variable y is known to vary as the sum of two quantities, one

of which varies as x and the other as x^. If when a; is 1, ?/ is 3 and

when X is 2, y is 8 find the relation between tlie Aariables, and the

value of y when .r is 3.

Construct a graphic representation of y.

4. Solve

xy = 6

X y r-3-4- 2- = 5.

y ^

5. If the equations

ax + h =0,

ax + b' = 0,

are satisfied by the same value of x then identically

ax-\-b = I(a'x + h')

where I is some constant ; and if the equations

a x + b y + c =0,

a' x + b' y + c' = 0,

a"x + b"y + c" = 0,

are satisfied by the same values of .t, y, then identically

a"x + b"y + c"z = I{ax + by + cz) + l'{a'x + b'y + c'z)

where /, V are certain constants.
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XIX

P +ni- +n~ = 1,

W + mill +nyi = 1

,

shew that

l = l\ 7)1 = 7)1 . n = 11

2. If m + in, where i denotes i/-l, is a root of the equation

ax^ + 3bx- + 3cx + d =

where a, b, c, d are real, then m - in is also a root.

If one root of the equation

3a;3-13a;2 + 20a; -14 =

is 1 + i find the other roots.

A^ 3. Shew that, whatever positive integer r may be, the sum of the

first r terms of the series

1+3+5+

is one-third the sum of the next r terms. Prove also that this is

virtually the only A. P. which has this property.

4. Solve

xy{x + y) = 30,

x^ + y^ =35.

5. If

Ix +my + nz =0,

ax^ + by'^ + cz'- = 0,

find the ratios x:y:z.
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XX
1. Solve

y/x+ 1 +-y/x -1 = 1.

and explain how it comes that the root obtained Ijy rationalizing the

equation does not satisfy the equation as written.

2. In the case of the series

1+3+5+7+

it is seen that the sum of 2 terms is 4 or 2^, the sum of 3 terms is 9 or

32, the sum of 4 terms is 16 or 4-. What theorem is suggested 1

Establish it by mathematical induction.

3. The strength of a rectangular beam of given length and material

varies as its breadth and as the square of its depth. Compare the

strengths of two such beams, the one of breadth 4 in. and depth 9 in.,

the other of breadth and depth each 6 in.

4. Solve

5. The equations

X +y =5,

x^ + y\=257.

ax + b = 0,

px- + 2qx + r = 0,

are satisfied by the same value of x. Find the relation among the

coefficients.

XXI

1. By means of a single equation express each of the following :

—

(1) The value of x must be either a or b.

(2) The value of x is a, the value of y is b, and the value of

z is c.
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2. If m-\-in is a root of the equation

aa^ + ihx^ + 6ca.'2 + ^dx + e =

where a, &, c, r/, e are real then ?>i - in is also a root.

If 2 + i is a root of the equation

a;4 - 7^3 + 18^32 - 19.T + 5 =

find all the remaining roots.

3. Find how many terms of the series 15 + 21+27 + must be

taken in order to yield G63 as sum.

Account for tlie negative root.

4. Solve

yz zx , xy— = a, — =b,-^ = c.

X y z

5. If

then

ay + hx = a, by - ax = b,

0:2 + 2/2=1.

XXII

1. Shew that if two quadratics in two unknowns have a common

factor in the parts involving the unknowns, the set reduces to a simple

and a quadratic equation.

Ex. X- + xy -2y-+ x + 2y= 66,

3.^2-4^'//+ y^ + 3x- 2/=U4.

2. Shew by mathematical induction that the sum of n terms of the

series

1+2+3+
n(n+ 1)

is 7i
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3. If

a + \/h = c 4- \/d

where i^h, \/d are actual surds, sliew that

a = c, b = d;

and if

a + ib = c + id,

shew that

a = c, b = d,

it being supposed that a, b, c, d are all real.

4. If

X - a y - b z - c

X -b y - c z - a— +^— + -jr = ^^cab'
then

X - c y - a z - b

ab- + bc^ + ca-
x = y = z

ab + bc + ca

5. Eliminate x from the equations, supposed simultaneously

existent,

ax' + 2bx + c = 0,

ax^- + 2b'X + c' = 0.

XXIII

1. Determine the numerical values of a, b, c, in order that the equation

a{x-\-2) (x + 3) + b{x + S) {x+l) + c(x+l) (x + 2) = 4x + 6

may be an identity.

Express as the sum of three fractions with constant numerators

and with denominators cc + 1, x + 2j o: + 3, the fraction

4x + 6

(x+l){x + 2)(x + 3).

The given fraction is said to be resolved into partialfractions.
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2. Shew that

where w denotes one of the imagin<ary cube roots of unity.

3. The sum of ten terms of a certain arithmetical progression is

three times the sum of five terms ; shew that the first term equals

three times the common difference.

4. Solve

2:k -3y + z =0,

03 +2ij -2z =0,

^2 + 2 //-' - z^ = :r + iy-z.

5. The equations

a X- + 2h x + c =0,

ax- + '2b'x + c' =0,

have two roots in common ; find the relations that must exist among

the coefiicients.

XXIV

1. Assuming the theorem that every algebraic equation in one

unknown (i.e., every equation of the form /'(.7:) = 0, where /(x) is a

polynomial in :/;) has at least one root, shew that every cubic equation

has three and only three roots.

2. Shew by mathematical induction that the sum of n terms of the

series

l- + 2--^ + 3--^ +
n(n+\)(27i+l)

is g

3. Shew how to find -[/(p + \/Q.)^ indicating the condition that the

root may be of simpler form.

Ex. v/(8+i/60), |/(ll-,/120), 1/(84- 1/15).
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XXVI

1. If a, /5, y are the three roots of the equation

shew that

36 3c d
a + /5 + y=--; ^y + ya + a/?=--; a/3y=---

2. Shew by mathematical induction that the sum of n terms of the

series

\+r + r-+
l-r"

is
^i

•

1 -r

3. Find a simpler expression for

l/(5 + 12/-l), -/(7-24/-1).

4. Solve

{l+of-){\+f-) = 2{xy-lf, x + y = 5.

5. Eliminate a: from

ax^ + bx^^ + c =0,

a'ic3 + 6'a;2 + c' = 0.

XXVII
1. Shew that

(a2 + 62) (c2 + d'-) = (ac + 6c/)2 + (a(f - 6c)2

= (ac - hdf + {ad + 6c)2.

Hence, shew that the product of two integers each of which is the sum

of the squares of two integers can always be written as the sum of the

squares of two integers in at least two ways.

Ex. 41( = 42 + 52), 113( = 72 + 82).

Is the converse true ?
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2. Shew that

rt3 + ^s + c^i - 3abc

= (a + b + c) {a + uih + oj-c) (« + oj-6 + coc)

where w denotes one of the imaginary cube roots of unity.

3. Any odd integer may be expressed as the difference of two

square integers.

4. Solve

x + y + xy = 39.

5. Eliminate /, m from the equations Ix 4- my = a, rax -ly = h^

^2 + ^2=1.

XXVIII

1. If a, /?, y are the roots of the equation

x^ -\- 2:>x + q = 0,

construct the equation whose roots are a-, yS-, y-.

<
2. Shew by mathematical induction that

1.2 + 2.3 + 3.4 -h ton terms= i-n(n+
1) (n + 2).

3. If f/(a + Vb)==x+ x/y, then will f/{a -\/h) = x- ^y.

4. Solve

x\y + 2) + y\x +- 2) = 56, rcy = 6.

5. Eliminate x and y from the equations,

X y , X- y-
, _„

a C" ci~
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XXIX
1. Prove that

(•^•- - y'-) {-- - ^^"') = {^^ + yif^f - (xw + yzf

Interpret as a theorem in integral numbers.

2. Shew that each of the expressions

(x"- + lyzf + (y-^ + 2,.rf + {-^ + 2.njf - 3(x- + ^z) (y^ + 2zx) {z'- + 2xy),

(.r2 - yzf + (f-
- zxf + {z"- - xyf - 3{x'- - yz) (f-

- zx) (z^ _ ^y),

is an exact square.

3. If a is the first and d the last of a series of four numbers in

harmonical progression, prove that the sum of the series of four

terms is

2{a + d){a'~-\-lad + cr-)

4. Solve

5. If

{a + 2d){2a + d)

a:3(y + 3) + 7/%r + 3j = 183, .T + y = 5.

h -c c-a a-bx= , 2/ = ^^, z =
a b c

then

xyz -\-x-\-y-\-z = 0.

XXX
1. Construct the equation whose roots exceed the three roots of the

equation

x'^ + px-\-q =
by h.

2. Shew by mathematical induction that

1 1 n
1 o + o~Q + to n terms = r •



148

3. Simplify :
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4. Solve the equations

y'^ + 2zx = 23D,

s2 + 2a-y = 247,

5. If

ax + by = x + y + xy = x- -\-y- -\=0y
then

1 1 1

a2 ' 62 (a - hy

XXXII

1. For what values of x is the expression 65.x2 - 241a; + 86 equal

to zero? For what values negative and for what values positive?

Find also the minimum of the function and represent the function

graphically.

2. Shew In' mathematical induction that

1.2.3 2.3.4^
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XXXIII

1. If a-+\, a- -\ measure the hypotenuse and the base of a riglit-

angled triangle, the remaining side is measured by 2a. Hence find

right-angled triangles whose sides are measured by integers.

2. Shew that

(a3 + 53 + c3 - Sabc) (x^ + y^ + z^- Zxyz)

= (ax + h}j + czf + {hx + cy + azf + {ex + ay + hzf

- ?>{ax + by + cz) (bx + cy-\- az) {ex + ay + bz).

3. Employ the theory of the geometrical progression to find the

value of 0-2317 and 0-75389.

4. Solve

x^-{y-zy- = a^

y^-{z-xf = b^

z'--{x-yf=c''-.

5. If ax + by + cz = then the value of

ax- -f- 6/y2 + cz"^

bc{y - z)'^ + ea{z - x)~ + ab{x - yY

is independent of £c, y, z.

XXXIV

1. Between what limits must real values of x be taken to make
2 + 3x - 5.^2 positive ?

Find the maximum of the function and construct the graph.

2. Assuming: that

(n-l)(..-2).^...(n-r)
"^

1.2.3 r ^ '
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where n is a positive integer, shew that

X.. 1 ^i M^i - 1

)

(l4-.r)" = l+- ^ + -\^x^+

+ -^ ~—

.

^ __^y'^ + + a;"
i .'2 r

and infer the truth of the binomial theorem for a positive integral

exponent.

3. Outline the argument which leads to a meaning for the symbols

x^, x~^f xK

4. Solve

,/ + {z-xY = b\

z'~ + {x-yY = c\

5. Given the three equations

x = cy + hz, y = az + cx^ z = hx + ay,

find the different forms of the values of the ratios x:y:z, and shew

that

(2) a2 + ^2 4.c2 + 2«6c=l.

-XXXV

1. Shew that

(m2 - ti2)2 + {2mnf = {iii^ + n^f

and derive a series of sets of integers which can measure the sides of a

right-angled triangle.



152 ALGEBRA

2. Shew that the sum, tlie difference, the product, and the quotient

of any two complex numbers is complex.

State similar properties for

(1 )
positive integers

;

(2) integers
;

(3) rational real numbers.

3. Find the first factor and the sum of the factors in the ?ith term

of the series

1+3.5 + 7.9.11 + 13.15.17.19 +

4. Solve

x^-yz= -11,

y^-zx= 1,

z^ -xy= 13.

5. If

«(y + ^) = ^> ^(^ + ^) = 2/) c{x^-y) = z, find the different forms of

the values of the ratios x:y\z and shew that

(1) hc + ca + ah + 2ahc=\.

(2)
,2 yO

a{i-bc) b{i-ca) c(l-a6)

XXXVI

1. Prove that the least value of the function x^+px + q is obtained

by putting for x one half the sum of the roots of the equation

x^-\-px + q = 0.

2. Prove that a- + b~>2ab unless a = b.

Hence shew that the arithmetical tneaii of two positive numbers is

greater than their geometrical mean.

Illustrate both theorems geometrically.
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3. Arrange in order of magnitude, without actually tinding the

approximate roots,

2^, 34, 4J, 5i, G*.

4. Find in how many ways the letters of the word fabric may be

arranged so that (i) the two vowels may not be together
;

(ii) the two

vowels may be separated by two consonants.

5. Find the coefficient of a;'*"'* in the product

{x + a^ {x + a^) (^' + <^n)

and show what this becomes \i a^ = a^ = »»•

XXXVII
1. Shew that

(a2 + 62 + c2 + f/2) (,.2 ^yi + z"--^ ?/;2)

= [ax -by + cz- dw)'- + {ay + bx - cw - dzf

-\- {az - bw - ex \- dijY + {aiv + bz-\-cy-\- dxf.

Interpret as a theorem in integral numbers.

2. If a, b, c are positive and not all equal then ^

a- + 6- + c- >bc + ca + ab
;

{a + b) {b 4- c) (c + rt) > Sabc

;

a^ + b"^ + c'* > abc{a -\-b + c);

(be + ca + ab)- > 3abc(a -\-b + c).

3. Shew that the cube of any integer is the difference of two square

integers.

Find the two square integers who.se difference is 512.
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4. The two solutions of the equations

y" = ^ax,

y =mx + n,

will be identical if n =—
m

In this case find the double solution.

5. Find the number of terms in the expansion of

{a + b + c + d + ef

and find the coefficient of a^bc'^d^.

XXXVIII

1. The sides of a rectangle are a and b ; from the adjacent sides at

two opposite corners a length x is cut off. Find the maximum value

of the parallelogram determined by the four points on the sides.

2. The sum of any fraction with positive terms and its reciprocal

is greater than 2.

Deduce that, if the numbers involved are all positive

'X y\ /a b

(2)(-+f+-)(-+- + -)>9-
^a b c / \x y zJ

3. Examine, for the number of different values, each of the

following :

5i, lOi, 7 + lU+17i

4. On the circumference of a circle 1 1 points are taken ; these points

are joined in all possible ways. Find the number of chords thus

formed and the number of triangles having as sides complete chords.

5. Find the sum of the products of the coefficients taken two

together in the expansion of (1+ a;)" where n is a positive integer.
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XXXIX
1. Shew that

(rty - bxf + {bz - cyf ^{cx- azf + {ax \-hy-\- czf

= (a2 + 62 + c2)(.X-2 + 2/'+^2)

Interpret as a theorem in integral numbers.

2. The sum of two positive variable numbers is constant ; shew that

their product is greatest when the numbers are equal. Shew also that

the more nearly equal are the numbers the greater is the product.

Illustrate geometrically.

3. Find the sum of n terms of the series

:

(1) 5.7 + 8.11 + 11.15 +

(2) 5.7.10 + 8.11.15 + 11.15.20 +

4. The two solutions of the equations

y =zmx-\-n

will be identical if n'^ = r'{\ + m-).

5. Shew that

, X + 1 nin - 1 ) .r2 + 2x nin -\){n-2) x^ -\- Zx"^
\ - n + —^^ _ -^ '—^ '-

\-

x^n 1.2 {x + nf 1.2.3 {x + nf^

is equal to zero, ii being a positive integer.

XL

1. Between what limits must m lie if the polynomial

(m - 2).7:2 _ 2(2m - Z)x + (5wi - 6)

is positive for all values of x 1
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2. Employ the result of P]x. 2, xxxix (p. 1 55) to find

(1) The maximum of 21 - 4x -a;^ •

(2) The maximum of 3 + a:-2a:2;

(3) The minimum of x--5x + 6;

(4) The minimum of 2x- - 13x+ 15
;

(5) The maximum of XY/''(a'^ - x-)
;

indicating any restrictions put upon the values of x

3. Rationalize the equation

xh + t^h + z^ =

and compare the significance of the resulting equation with that of

the proposed.

4. In how many different ways can 12 different things be divided

into 4 groups of 3 things each ]

5. Expand to four terms in ascending powers of x

1 \+x

{l-xf^{l+x) (l-a;)Vl + 2iC

XLI

1. Construct the linear function of x which is

(1) Equal to 5 when x=l and equal to 7 when a; = 2

;

(2) Equal to A when x = a and equal to B when x = b.

In the former case represent the function graphically.

2. Find the rectangle of maximum area inscribed in a given circle.

3. Find the sum of the products two together of the first n odd

numbers.
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4. Find the condition that the two solutions of the equations

ax^ + 2 hxi/ + hy- = c,

lx + my=p,
may be identical.

5. Prove that

(i+.r=2"{i-/,.l^>M}^:/- }.

where hj.=
_n{n+ 1) (71 + r - I)

XLII

1. Find the maximum value of

1

x^ + 2x + 2

Represent the function graphically for values of o: between - 2 and

+ 5.

2. Of all triangles with the same perimeter and the same base, find

that one which has the greatest area.

3. The men in a regiment can be arranged in a column twice as

long as it is wide. If their number were 224 less they could be

arranged in a hollow square four deep, having in each outer side of the

square as many men as there were in the length of the column. Find

the number of men.

4. Find the number of ways in which 3n things may be divided into

n parcels of three each.

5. Shew that

= l-\-3x + bx^-{-7x^ m inf.
{\-xf

first by employing the binomial expansion, and second by summing the

series on the richt.
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XLIII

1. Construct the quadratic function of x which is

(1) Equal to 1 when .*;= 1, equal to - 1 when x=2, equal to

- 2 when ;*: = -^
;

(2) Equal to I when ./• = «, equal to m when x = b, equal to n

when x = c.

In the former case represent the function graphically.

2. If X + 2/ is constant find when x- + y~ is a minimum.

Illustrate geometrically.

3. Find the sum of w terms of the series

:

/ix 1 5 9 13
(^^^+3-^9-^27 +

(2)rf +^ +^4-

4. If the equations

Ix + /7iy = 1

ax^ + h]f- = 1

have their two solutions equal then

Z2 III/ 1

a

and the solution is x= -,y = —.
a

5. Shew that

l+x
{\-xY

1 + 22a; + 32cc2 + ^2y,Z in inf^

first by employing the binomial expansion, second by summing the

series on the right.
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XLIV

1. Find the greatest and least values of

X- + X+1
X- -x+l

2. From a point in the base of an isosceles triangle perpendiculars

are drawn to the opposite sides. Find when the sum of the squares of

these perpendiculars is a minimum.

3. To complete a certain work A requires m times as many days as

B and C together ; B requires n times as many as C and A together

;

and C requires p times as many as A and B together. Compare the

times in which each would complete the work, and shew^ that

1 1 1 1

7?H- 1 n + [ ;; + 1

4. In a plane are n points, no four lying on one circle, and through

each set of three is described a circle. Find the number of inter-

sections of these circles exclusive of the original points, each circle

being supposed to cut every other circle.

5. Find the coefficient of x" in the expansion of

I + x + x^

l-2x-\-x^

XLV
1. If

x'^=px-\-q

shew that it may be assumed that

a;" = La: + M
where L and M are constants.

If a and /? are the roots of the given equation find L and M
shewing that

x^ = '^x + ^q.
a -

p

a-

p
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2. A triangle has for base the diameter of a circle and its vertex is

on the circle. Find when the sum of the two sides is a maximum.

3. If S be the sum and s- the sum of the squares of the terms of a

geometrical progression continued to infinity, prove that the siim of the

first n terms of the progression is

»{'-(li5))

4. Find the condition that the roots of the equation ax"^ + 2bx + c =

may be the roots of the equation ax- + 2b'x + c' = increased by the

same quantity.

5. Shew that the coefficient of x- in the expansion of

1 +x
l+x + x'^

is if r is greater by 1 than a multiple of 3.

XLVI

1. Find the maximum and minimum values of

x'^ - x-8> x^ + 4x- i

x^-\-x-2 a?2 + 2.x--2

2. Shew that, if a + b + c is constant, bc + ca + ab has its greatest

value and a^ + b^ + c- its least value when a = b = c.

3. A merchant employs a false balance both in buying and in

selling and thereby gains at the rate of 11 per cent, more on his outlay

than if his balance were true. If, however, with the same scales he

had, in buying and in selling, weighed to his disadvantage, he would

have neither gained nor lost. Find his legitimate gain per cent.

4. Find the number of ways in which ten persons may distribute

themselves among four rooms, with at least one person in each room.

5. Find the sum to infinit}^ of the series,

2 2^ 2.5.8

^"•"e "^612 ^6.12.18'^
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XLVII

1. Assuming that for all integral values

1-2 4. 92 + 32+ +n2 = An3 + B7i24-Cn + D

where A, B, C. T) are constants, i.e., do not involve 71, find A, B, C, T>.

2. A point is taken within an equilateral triangle. Find the

position of the point if the sum of the squares of the perpendiculars

from it to the three sides is a minimum.

3. Between a and b are inserted three arithmetical and three

geometrical means. Shew that each arithmetical mean is greater than

the corresponding geometrical mean.

4. Find the condition that the value of the fraction

a X- + bx-{-c

a'x^ + b'x + c

may be independent of the value of x.

5. Shew that

XLVIII

1. Shew that if a, b, c are positive numbers, the value of a^ + b^ + c^

exceeds that of Sabc unless a = b = c.

Cor. If rt, h, c are positive and not all equal

or the arithmetical mean of three positive numbers, not all equal, is

greater than their geometrical mean.
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2. Two stniiglit lines OX, OY are at riij^ht angles to each other,

and through a point P, the distances of which from these lines are 3

and i inches, is drawn a straight line API' meeting OX, OY at A, B.

Find the minimum area of the triangle OAB.

3. Find two numbers such that their sum multiplied by the sum
of their scjuares shall be 272, while their difterence multiplied b}' the

difference of their squares shall he 32.

4. In how many ways may 18 different things be put up in 3

packages of 2 each and 4 packages of 3 each ?

6. Find the value of

3.2! "^32.3!
o 5 5.7 . . ^
2 + v^, + 77^^, + imnf.

XLIX

1. Assuming that for all values of n

1.2.3 4- 3.4.5 + +(2n- l)2n{2n + 1) = A^i* + B/i^ + Cn'~ + D?i + E
find the expression for the sum of n terms of the series.

2. Prove that

{a + b + c)(a^ + b'- + c'-)>9abc;

l m 7i\ /a h
+

c

/I m 7i\ /a h n\
(-+T- + -) (7 + - + -)>9.

3. An A. P., a G.P., and an H.P., in each of which the first two

terms are a, b, have for third terms x, y, z respectively ; shew that

y{x - 3^)2 + 4;s(2/2 + zx) = l 2yz^-.

4. Being given that ax--\-2bx + c vanishes for three (or more)

given values of x shew that a = 0, 6 = 0, c = 0.

If ax^ + 2bx + c is equal to a'x^ + 2b'x + c' for more than two values

of £c, shew that these quantities are equal for all values of x.

5. Find the sum of the first tn coefiicients in the expansion of each

of the following.

{\-x)^, (\-x)-^, iy-x)-^.
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1. ABCD is a rectangle, APQ meets BC in P and DC produced in

Q. Find the position of APQ when the sum of the areas ABP, PCQ is

a minimum.

2. From the corollary in Ex. 1, xlviii (p. 161) deduce the theorems

:

The product of three positive numbers ivhose sum is constant is greatest

when the three nutnhers are equal., and if the product of three positive

numbers is constant their sum is least when the three numbers are equal.

3. If

then

^(^-O +-(c-«) + ;(«-^) = o,

l(y-z)+l{z-x)+l{x^y) = 0.

4. In how many ways can p + 2n diflferent things be divided into

three parcels containing p, n, n things respectively ?

5. If ttj. is the coefficient of x"" in the expansion of (1 +x)**y then

shall

r+ 1

1. Find the conditions that

ax- + by- + cz- + 2fyz + 2gzx + 2hocy

may be the square of a rational function of x, y, z.

2. The total length of the edges of a box of the ordinary form is to

be 24 feet. Find the length of each edge if the volume is to be the

greatest possible.

3. If a, b, c are in A. P. ; a, (3, y in H.P. ; aa, bf3, cy in G.P. ; then

a y a c

y a c a
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4. Eliminate x and 1/ from the equations

1 1,1
x+ = a, y + -^ =f), xy-\ = c.

X y xy

5. Between what two positive integers does the value of
(
(/29 + 5'

lie?

LII

1. If ^j> is greater than 1, then for real values of x the expression

aj2 - 2a; + p^

rc2 + 2.x' + />2

lies between ——^ and ^*

2. Of all rectangular parallelepipeds with the same volume find

that of minimum surface.

3. If

/, myz\ /, mzx\ /, mxy\

and X, y, z are unequal, then each member of these equations is

equal to

x + y + z-7n.

4. Upon a plane are drawn n lines, of which p pass through one

and the same point. Shew that the total number of determined points

is

l(n-2))(n + p-l) + \.

5. In the expansion of ( -) ^ shew that the coefficients of a;^and
VI - x/

x'^"^^ are the same.
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LIII

yz zx xy
a- — =0 - — =c- —

>

X y z

where no one of x, y, z is zero, then

2/2 _ ^2 .2_.^.2 ^2_y2
a + -J

= b + = c + X-.- c c - a a -

2. Find the rectangular parallelopiped of maximum volume

inscribed in a sphere.

3. If the nth terms of two arithmetical progressions are a - bu and

b + an, shew that they have a common sum for the same number of

46 .
.

terms if ~t^ ^^ ^ negative integer.

4. Eliminate x and y from the equations

X- + xy = 1-, y- -\-yx = 7?i-, x- + y"^ = n^.

1 4- ic

5. Find the coefficient of x'^ in the expansion of j-, T3, and

employ the result to find the sum of the squares of the first 71 natural

numbers.

LIV
1. If

111 1

+ , + =
a b c a + b + G

and n is an odd positive integer, then

111 1

+ ,..

+

a" b" c'* a" + b" + c"

2. Shew that of all triangles with a given perimeter the equilateral

triangle is of maximum area.
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3. If

- + -+ -0, +-^,+ -2 = 0.
X y z x^ y z^

then

(6 + c)x + {c-¥a)y + {a + b)z = 0.

4. If ra like cards are to be placed in n+1 numbered envelopes

and no restriction is made as to the number to be placed in any

envelope, find the number of ways in which the distribution can be
made.

5. The coefficient of .t"+''"^ where n, r are positive integers, in the

expansion of

(l+.r)"

(1 - xf

is 2''-3|n + (n + 2r) {n + 2r + 2)}.

LV
1. If

a^+pa + 5" = 0,

7 ^ + py + ? = 0,

then
a + /3 +7 = 0.

2. Find the minimum values of

{x - 2f{\ 1 - 2x), {x - 3)2(7 - x).

3. If P is the continued product of n quantities in G.P., S their

sum and T the sum of their reciprocals, then

4. Eliminate Xy ?/, z, from the equations

x(y-\-z) = a^, y{z + x) = h\ z{x-\-y) = c^, xyz = d\
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5. If />, q, s denote respectively the product, the quotient and the

sum of two numbers then

2? = s~(q — 2q" + 3q^ - in inf.).

1. If

prove that

LVI

a -b c -

d

\+ah \+cd

h - c d-a
\ + be

"^ \^ad~

Give a trigonometrical interpretation.

2. Of all cylinders inscribed in a sphere find that of maximum

volume.

3. If

2/3 _ ~3 ^ ay::, z^ - x^ = bzx, x^ - 2/^ = cxi/,

then
a^ + b^ + c^ x^ + y^ -{-z^

abc xyz

4. In each of three bags are ten tickets numbered from 1 to 10.

One ticket is drawn from each bag and the sum of the numbers drawn

is 21. In how many ways might tliis have happened]

5. Find the remainder after n terms of the expansion of (1 -x)'^,

{l-x)-^ (\-x)-\

LVII

• 1. Shew that arr- + 2hxy + %- and hxr - 2(a - b)xy - hy'^ cannot have

a common factor unless the first of these expressions is a square.

2. Find the maximum volume of a circular cone inscribed in a

sphere.
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LIX

1. If
(JI, (Jo, 93 are the G.C.M.'s, l^, l^, l^ the L.C.M.'s of b and c,

c and a, a and b respectively, the G.C.M. and L the L.C.M. of the

three a, b, c, shew that

L
abc G L

( hh h
"

9i929s' ^~ ^^9i9293^

2. A cylinder is inscribed in a right circular cone. Find when the

cylinder is of maximum volume.

3. If the sum of ??i terms of an A. P. be equal to the sum of the

next 71 terms and also equal to the sum of the next 2^ terms, shew that

(7n + n) (p - n) (n + p) (n - in)

np mn

4. Eliminate x, y, z from the equations

y'^ + z^ = ayz

z'^ + x- = bzx

x^ + y^ = cxy

if no one of .r, y, z \ii zero.

5. If f{r) is the coefficient of x^ in

n{n — 1)
1 + nx{\ + a^ -u—3-2— a;"-^(l +xf+..,.

n being a positive integer, then

2{/(0) 4-/(1) + +/{n-l)} +An) = 3\
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LX

1 . If xy + yz + zx=\, then

2x 2y 2z Sxyz

l-a'2 l-y2 l_^2 (\ - x^) (I - y'^) {\ - z^)

Interpret trigonometrically.

2. A cylinder is inscribed in a cone. Find when its curved surface

is a maximum.

3. Having given

shew that

(y - by- = a{x - a)

(x-af = h{y-h)

X- + y~ — c^

-11
as +^3 =C3

4. On each side of a square 5 points are taken and these points are

joined in all possible ways
;
prove that, supposing no three of the

joining lines to meet at a point, the square is divided into 4376 parts.

5. If

1

(x - a) {x - b)

is expanded in a series of ascending powers of x, shew that the

coefficient of £c"+^ is

a" - i'' 1

a^b ' aFb'''



ADDITIONAL EXAMPLES

CANDIDATES FOR SCHOLARSHIPS

UNIVERSITY EXAMINATIONS

1. Solve

48 36

j2 _ 2u; - 3 x^-x-2
x2-3a: + 2.

2. Ifa4-6 + c = shew that

(a3 + 63 + c3)(a* + 64 + c^)~3
*

3. If

^
a.-^ 4. y4 + .4 + ^2^,2 ^ ^2^2 + a;22/2 = 1xyz{x + y + 2;)

and 3:1/2; are all real, then x = y = z.

4. Find what relation must exist among the coefficients of

ax^ + Ibxy + by- + Igx + 2fy^-c

in order that this expression may be the product of two factors linear

in x, y.

Factor x^ -\-
y"^ + z- - yz - zx - xy.

5. Find the number of ways of putting m things in n + 1 places,

(i) supposing the things alike, (ii) supposing no two of the things to be

alike.

171
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II

1. Solve

2. The equations

/. = 5. ^
,

X +i y + I

7. y!±^ = 10. •^•'/+J.

y+ 1 rr+l

1 1 1 1 I 1-++- = -+ , + -1
X y z a c

a b c .
- + - + - = 1,
.r (/ z

(f3 53 ^3

-+ +-=0,

are equivalent to only two independent equations ii a + b + c = 0.

3. Examine the variation of

X- -bx + 6

x'^-Sx + 16

as X passes through all real values, and construct the graph of this

function.

4. li x + y + z is a factor of

ax^ + by^ + cz^ + dyz- + d'zy- + e;sa;2 _|_ g'^.2;2 +fxy- +f'yx- + ^0^2/2;,

then

b-c + d-d' = c-a + e-e' = a-b +/-/' = 0,

and.

a + b + c = d' + e +/' - g.

5. If „C^ denotes the number of combinations of n things r at a

time shew that

(i) from the theory of combinations, (ii) from binomial expansions.
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and shew that

2. If
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III

x-\-y-\-z=l,

ax +hy + cz= -\a + h + c),

a^x + h'''y + c'-z= (rt + /> + c)2,

a^x + ¥y + c'^z = {cC-x + h''-y 4- c-zf.

6'^ + r^ - a"- c^ + ft^ - h"- a'^ + b'--c'^ _
2bc

"^ 2^ "^
2a6 ~ '

then shall

(b + c-a){c-{-a-b){a + b -c) = 0,
-^

and, of the thiee fractions appearing in the righC member of the given

equation, two must be equal each to + 1 and the third to - 1.

Give a trigonometrical interpretation.

3. Shew by mathematical induction that

is divisible by 24.

4. The sums of the first n^ w.„ n^ terms of the same arithmetical

series are *S'j, S^y ''^'^, prove that

5. Find the number of ways in which m black balls and n white

balls may be placed in line so that there may be 2r - 1 contacts of a

black ball with a white ball.

IV

1. Solve.

^3^2/3 + z"^ = Sxyz, X — a = y-b = z — c.

2. If x + y + z = xyz prove that

(?+^+y+!+%^+2y=(i+.T2)(i+2/2)(i+^^).
\y X z y X z /
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3. Find the maximum and raininmm values of

x^ + 4x- 36

2{x-b)

4. By means of the ordinary process of finding the H.C.F., shew

that X-+1 Ix + 33 and x^ + 9x- + 1 2x - 61 are without conmion factor,

and shew that the operation makes it possible to find two polynomials

which multiplied into the given polynomials will give polynomials

which differ by a quantity not involving x.

Result: (.r2+ 1 la; + 33)(a:2 + 4.x- - 1) - (.x-s + 9.r2 + J 2a: - 61) (a: + 6) = 3.

5. Find the value, to m terms, of the series

m-(m-l)n + (m-2)A__j' _ (m-3)_A _^^ .^ +

1. The solution of a certain problem is made to depend upon that

of the simple equation

ax -b = 0.

In this equation the coefficient « is a number • which undergoes

change. Find what the root becomes as x approaches the value zero.

2. Shew that the equations

x-^y-{-z = a,

0:2 + 2^2 + ^2 = 52^

^ + y^ -\-z^ - 3xyz = c^,

are not independent but give a relation among a, b, c.

3. Find the cone of minimum volume, circumscribed to a given sphere.

4. Construct the cubic function of x which is equal to I when x = a,

equal to m when x = h, equal to n when x = c, and equal to r when x^d.

5. Find the value of

1. n (n + 1 ) + 2.(n - l)n + 3(7i - 2) (n - 1) + + «. 1.2.
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VI

1. The solution of a certain problem is found to depend upon that

of the equation

ax- + 2bx + c = 0.

In this equation the coefficient a is a number which undergoes change.

Find what the roots become as a approaches the value zero.

2. Shew, without actual elimination, that the result of eliminating

y from the equations

ax~ + 2h.ry + by'^ = c,

ax^ + 2h\ry + b'y^ = c\

is an equation of degree four in x in which occur only even powers of x.

3. (a) From the inequality (Ex. 2, xxxvii, p. 153"^

(be + ca + ah)- > Sabc{a + b + c)

and the result of Ex. 2, xlvi (p. 160), shew that if a + b + c is constant

the value of abc is greatest when a ^b = c.

(6). Deduce the theorem stated in (a) from the identity

2(a + b + c)3 - 7 {a{b - c)-' + b(c- af + c{a - b)-)

- {(6 + c) (6 - cf + (c + a) (c - a)- + (a + 6) (a - bf }
= biabc.

4. A rope 512 ft. long has one end fastened to a corner of a house

25 ft. square, around which it is then completely wrapped. How far

will a man, holding the other end of the rope and keeping it stretched,

walk before the rope is re-wrapped around the house in the contrary

direction ?

5. There are p-'rq numbers a, /?, y, of which p are even and q

odd. Shew that the sum of the products, taken three together, of the

quantities

(-l^(-l)^(-l)v.
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VII

1. Solve

{x + y){xi/+\)=\S.ry,

(x^ + 3/2) (.r2y2 + 1 ) ^ 208a;V.

2. If
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2. If

then

I

—

r^-— J
^^\—TT?— i ""-i—rn^— /

""

Give a trigonometrical interpretation.

3. If

then
ir + 171711 +7in<^l.

4. If

?t V zv uvw
+ -.

+ + 7 r-71 7-, r =
a + x b + x c + X (a + x) {b + x) (c + x)

for all values of x, find the values of u, v, w.

5. If X be small compared with iV^, prove that approximately

4.V 2(2i\^2 + ^)

IX

1. Solve

1/3 4 7 \ 2

X \z y yz / yz

l/3_4_19x 1
y\x z zx) zx

2. If

then

z \y X xy/ xy

a^x^ + 6^2/2 + 02^2 = 0, a2^,3 4. 52^3 + ^2^3 = 0, .

— a- = - - 0- =— c^
X y z

a^x^ + b^'y'-'^ + c^z^ = n4x"2 + 6y 4- c^:i^.
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3. Shew that the forrauhi

9{a^ + P + c') - (a + h + cy

= (46 + ic-a){b- cy- + (4c +^a-b){c- af + (4rt 4- 46 - c) (o - 6)2

gives the theorem : If the sum of three positive mimbers is constant the

sum of their cubes is a viinimtim when a = b = c.

4. Sum to 2m terms and to 2m + 1 terms the series,

12 _ 3-2 + 52 _ 72 +

AVrite down the expression which will give the sum of ?? terms what-

ever positive integer 71 may be.

5. A candidate writes on three papers, each carrpng a total of 6m

marks. To pass he has to make at least 27n marks on each paper and

at least 9m marks in all. In how many ways may he make the marks

necessary to pass 1

X

1. (a) Shew that a finite solution of two simultaneous linear

equations in two unknowns may be either unique, indeterminate or

impossible.

(b) Solve the equations.

(x-a)(y-b)={x-a){y-b') = (x-a''){y-b'')

and shew that the solution is, in general, impossible if

ab' + a'b" + a'b = a'b + a"b' + ab"

,

examining in particular the cases when it becomes indeterminate.

2. Eliminate x, y, z from the equations

y z z X , X y

z y X z y X
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3. Find the maximum values of

(i) (x-]y{7-2x) (ii) {x-2y{5-x)

the variation of x being limited by the condition that the factors are

to be positive.

Draw a graph of each of the functions for the values of x in question.

4. The remainder when a polynomial /(x) is divided by (x - a)

(x- b) is

a — — a

5. Prove that if p be equal to N^ + x where x is small, then p\ is

approximately equal to

56 56 N'^ 14 1p + bm'

XI

1

.

If m + in is a root of the equation

where the coefficients are all real, so also is m - in a root.

2. If

{y^zf^^a^yz, {z + xY = ibHx, {x^-yf = ^c'^xy,

find the relation that must exist among a, 6, c.

3. Shew by mathematical induction that if n is a positive^ integer

(1) 1-1+1_... ._] (neven) = 2 (" JL+_L+ + l \ •

^ 2^3 n^ ^ Vn + 2^n + 4^ ^2n;^

(2) 1-^ + -^- +- (^ odd) = 2 (_L+_L+ +_L).23 n Vn+In + 3 2n/
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4. The remainder when the polynoniical J\x) is divided by

(x - a) (x - b) (x - c) is

(a -b){a- c) (6 - c) (b - a)

(c - a) (c - o)

5. Shew that

9n /K^-1) ,,. n(n-l)(n-2)(n-3) _ (2n) .

"^ "^
1 ! 1 !

" 2! 2! w!n!

XII

1. Solve

(x + y + z)~ + yz + zx + xy = a^ - {y-\- zY

= h'i^{z + xY = c'--(x + yY.

2. Prove that if

a + b + c + d=0,

x + y + z + 2i = 0,

ax + by + cz + clu = 0,

then

2 (a% + 6'*i/ + c^z + (/4z^) = {a^x + 6^?/ + cS^ + dhL){a^ + 62 ^. ^2 + ^).

3. Find the maximum value of

(x-\)(x-2){l-x)

the variation of x being limited by the condition that each factor is to

be positive.

Make a graph of the function.

4. If

a + (a + y)x + (a 4- 2y)x^ + in inf, = b.
a + {a - y)x + (a - 2y)x^ + ia inf,

and if a^ receive values H.P., shew that the corresponding values of y
are in A. P.
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5. In a plane lie n straight lines, no two parallel and no three

passing through a point. The number of groups of n of their points of

intersection, no three in a straight line, is (n - 1) !
^-2-

XIII

1. Solve

(62a; + cdc^y - ayz)yz = {cxy + ayz - hzx)zx

= (ayz + bzx- cxy)xy = {xyzY-

2. If bz + cy = a, ex + az = b, ay + bx = c, then

Vl+2/ 1+^/ \1+^ * l+o;/ Vl+a,-
' 1+y//

'

I +x 1+2/ 1+^ _ 1-a; 1-2/ I-2
s s s s - a s-b s-c

when 2s ^a + b + c.

Interpret trigonometrically.

3. In the sides BC, CA, AB of an equilateral triangle are taken

the points P, Q, R such that BP, CQ, AR are equal. Find when the

area of the triangle PQR is a minimum.

4. A, B, C, D are four points on a straight line and a ratio of

segments AC.BD : BC.AD is formed ; how many such ratios may be

formed by different choices of segments, and how many distinct

values will these ratios present 1

5. Shew that

2" - (n - 1 )2'^-- -u
(^^ - -) (" - 3

) 9„_4 _ (n - 3) (n - 4) {71 - 5
) ^n-e ^ _^

2!
"^

3:
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XIV

1. Solve

2. If

yz = a{y + 2) 4- /,

zx = a{z + x) 4- wi,

Qcy = a{x \- y) { n.

1
,

2/ ^^ = 1
\ -^-x-^-zx \ + y + xy \ + z + /jz

X xy I

1,
I +X + ZX \ +y + xy \+z + yz

none of the denominators being zero, then x = y = z,

3. The equation

a^b\x - X'f + 6V(2/ - y'f + (62^2 + ^22^2 _ ^252) Qy2^'2 + ^2y'2 _ ^2^2) = Q

in which the unknowns are x, y, is equivalent to the two equations

^252 _ a^yy' - Irxx = 0.0, xy - x'y = 0.

4. Express as a sum of partial fractions

aj(£C+ 1) (ic + n)

5. Find the sum of the homogeneous products of n dimensions of

the three quantities a, 6, c.

XV

1. Assuming the theorem that every polynomial in x will vanish

for at least one value of x^ real or imaginary, shew that the equation

x"" +7?ia:"-^ +i02rr"-^ + +/?„ =

has n and only n roots.

Denoting these roots by a^, ag, a„, shew that

^ +i?ia"'^ +p^'*-^ + +i?n = {x-o.^{x-o..^ {x- a„).
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2. Eliminate x, y, z from the equations

x\y + z) = a\ y\z + x) = b\ z\x + y) = c\

ahc = {y + z){z + x) (x + y).

3. Of all cylinders with a given total surface 2TTa'^y find that of

maximum volume.

4. Find the sum of all fractions of the form — where a and 6 are

given quantities and to ;; and q are assigned all positive integral values,

zero included, which are less than a given integer n.

5. All the diagonals of a convex n-sided polygon are drawn and

produced indefinitely. Find the number of internal and the number of

external intersections of these diagonals.

XVI

1. If a polynomial a^a;" + aj.x'""^+ +«„, of degree n in a;

vanishes for more than n distinct values of x, then the polynomial

vanishes for all values of ic, which implies that each coefficient is zero

identically.

2. Eliminate x^ y, z from the equations

yz zx xy

X ^ ^ y z

a be
- 4- - + - = 0.
X y z

3. Through a given point a straight line is drawn cutting a given

circle in two points. Find when the triangle with the chord as base

and centre as vertex is of maximum value.

4. A number which is an exact square is expressed by n digits.

Find a formula for the number of digits in its square root.
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5. Shew that

/nxM /n(n- IK 2 1 . n(n - 1) (n - 2) x^ 1

- (i\^[^ 4.
<''-^) i .

n(n-l)(/i-2)(u-3) 3^ n
~ V3/ L "^ 1.1

*42"^
1.2.1.2

"4^"^
J

1. Solve

2. Shew that if

then

XVII

2/2 - zx = b-,

z^ — xy = c^.

yz + zx + xy = a\

I 1 1

yz{a'' + x^-) zx{a^- + y'-) "
xi/{a'- + z^)

2a2

xyz ^/ia'- + .x-2) (a2 + 2/2) (a2 + z'^)

3. On the side CD, produced, if necessary, of a square ABCD, it is

required to find the point P for which the ratio PA:PB has (i) the

greatest value possible, (ii) the least value possible.

4. In extracting the square root of a polynomial in x, shew that,

when r terms of the root have been obtained, r additional terms may
be found by mere division.

Shew also that, in extracting a numerical square root, when r +

1

figures of the root have been found, r additional figures may be found

by mere division.

5. If Cq, Cj, c.2, c^, are the coefficients in the expression of

(1 -f xY, where n is a positive integer, shew that

^-'2.l3_ ., ..n-l^n 111 .1
^9, + (-1) - = T + + Q+ +123 ' ' ' n \ 2^3 n
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XVIII

^• + y 7

1+^2/ 8'

x^ + y^ 337

2. If .!•- + y- + 3- + 2xfz = 1 , prove that

(1) /(l-rO(l-.^)}-4. + =l/{l+z)+ +

Give a trigonometrical interpretation.

3. (a) From the corners of a square piece of cardboard, of side

12 inches (or a inches), equal square pieces are cut, and then the

rectangles at the sides are turned upwards about their attached sides

so as to form a Ijox open at the top. Find the side of the square

pieces detached if the volume of the box is the greatest possible.

(6) From the corners of a rectangular piece of cardboard, the

sides of which measure 2a and 36, four equal squares are cub and the

rectangles left along the sides are turned upwards about their attached

side to form a box. Find the maximum volume of the box.

4. If c, X, }/ are in G.P. when / is subtracted from each ; and

j\ //. z are in G.P. when m is subtracted from each ; and y, z, x are

in G.P. when n is subtracted from each, then

L - X m - y n - z

5. Into how many regions is the infinite plane divided by n lines

lying in it?
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XIX
1. Solve

2/2 -}. ^2 _ ^ {y^z) = a^

x2 + 2/2 - z {x + y) = c2,

2. From the equations

ic2 4- x^ + 0^2^ = rub-, y- + y^^ + y^ = rna^^

X +a-j 4-a:2 =0, 2/ +2/i +2/2 = ^'

.T2/ + a;i2/i + ^'22/2 = ^•

eliminate .r^ ccg?
2/i5 Vo-

3. Examine the expression

for divisibility by
^2 j^y'^^z'^ -yz- zx-xy

for 71=1, 2, 3, 4, 5, 6.

Denoting the given expression by P„ shew that

-^71-A = 2-f*„+2 - f Pn- 1- A>
or that

and infer that 1\ is divisible by ?7( = a;2 + y^ + z- - yz - zx - xy) if ?i is of

the form 67/1 - 1 or 6m + 2, is divisible by U'^ if n is of the form 6m 4-

1

or 6m - 2, and is not divisible by U if n is of the form Q>m or &m - 3.

4. Shew that every vulgar fraction may be expressed in a termi-

nating series of the form

1 1 1

+
9l ?1?2 ^iMs

\+x^
5. If a^ is the coefficient of x" in the expansion of (

")
, then

\\ -x'
(r+lK+i-27i«,-(r-lK_i = 0.
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XX
1. Solve

-{xy + XZ- 2yz) = j-{yz + yx- 2zx) = - {zx + zy- 2xy) = k\
d c

2. If a, b, X, y are rational numbers such that

{ay - hxY + 4(a - x) (b-y) =

prove that either (i) x^a, y^b, or (ii) 1 - ab and 1 - xy are squares of

rational numbers.

3. If

/2
-I- m- + n^ = 1

,

Z/j + mm^ + nn^ = 0,

^2^ + m^" + ^2" = 1

,

?2^ + ^2^ + '^2*^ = ^'

P + /^2 + ^2^ = 1

'

^^^ + ^1*^1 + ^-*^*' = ^'

n2 + nj2 ^ ,^^2 = 1
^

,i/ _|. yj,^/^ + n.J^ = 0.

4. Shew that if n is a positive integer

1 n n{n- 1)

shew that

£c+l (a;+l)(a; + 2) {x ^ \) {x + 2) {x -\- Z)

(-\Yn\ 1

"^
{x+\){x-\-2).. .7.{x-\-n+\) ~ x-\-n^\

(To be established directly, and also by induction).

5. Find the number of triangles that can be formed with 2n lines

of lengths 1 , 2, 2n.





ANSWERS

Exercises : Page 5

1. (1) x(x+ l)-x'= 13; (2) 3a;+ 15= 2(x + 15); (3) 2(100-a:xl00

-r 10)= 100- a: X 100-^11. 2. (1) A property of every three consecutive

integers ; (2) A property for every division of the line.

Exercises : Page 6

1. (1) 11
; (2) 12

; (3) pqr
; (4) abc. 2. 15 ft., 27 ft.

Exercises : Page 9

1. 0,a;= 0; -l,a; = 0; 5|,a: = |; 2,x = l. 2. -5|,a;= i; 0,cc= 0;

1, a;= ; 4, x= l. 3. -6^, a:= |, rain.; 4^^, ic= f, min.; 7i, a;= li, max.

Exercises : Page 15

1. {a;4-(7 + v/69)-r2}{a:+ (7-i/69)^2}; (cc-l) (2x-5); {2x4-(i/73

+ 5)-=-4}{(v/73-5)-^4-2a:} ; 7{a:-(ll + i/ - 19)-M4} {x-(ll- p/ - 19)

-^14}. 2. (7±i/37)^2; (2±|/19)^3; ( - 3±i/149)^10; (11± v/131)-^6.

3. Real and positive ; real, one positive and one negative, the former the

greater numerically ; real and negative ; real and positive. 4. a:'-9jc+ ll

=0. 5. ax^-{-{b-2ah) x + c-hh-\-ah'=0. 6. a;2-10x + 12 = 0. 7. x^+
mpx + m'q= 0. 9. (1) 4x2-37x4-9= 0; (2) 3x2-7x+ 2 = 0; (3) Sx^-

42x + 27 = 0. 10. (1) aV-(62-2ac)x+c'= 0; (2) cx'+ bx+ a= 0; (3)

cV-(6'-2ac)x + a2= 0; (4) aV + 6(6^ - 3ac)x + c'= ; (5) a^x'-\-abcx +
c«= ; (6) ac' - (62 -4ac)x-|- 1=0. 11. {q-sy= {p-r) (rq-ps). 12.

a-fp= 6-=-g= c-rr. 14. Zero for x = 4 or —3; negative for x between 4

and - 3
;
positive for other values. 15. Always positive. 16. a(]/5 — 1)-^2

and a(3 - l/5)-^2 ; a(3+ v^5)-t-2 and a( - 1 - 1/5)-^ 2.

Exercises : Page 21

1. ±i/6-r2, +v/35^5. 2. if, (-l±v/-3)-v-2. 3. 4,-13, (9±3v/-
31)-^2. 4. 5,-f, {(5±i/137)H-4}. 5. 2, 2, (9 ±v/ 337) ^8. 6. f,f,(-3±
v/-7)^4. 7. l,-l, + v/-l,-i/-l- 8. 3, -10, (-7±3v/-ll)-^2. 9.7,

-28. 10. 7.-13, {-3±v/79}.
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Exercises : Page 24

1. b, 5. 2. 1, -1. 3. 36, 12. 4. 1, 2, 3. 5. ^^,-i^,-^l

Exercises : Page 27

1. 4, 3; 9^, -2f 2. 5, 3; 3, 5. 3. ±3, +7; ±5v/-5, +2i/-5.
4. ±2, +1; ±tf, +A. 5. 5, 4; 4, 5. 6. ±2, +1; ±1, +2. 7. 2, 3

;

f^, ?8t- 8. ±7, +6; ±6, +7. 9. 9, 12; 0,0. 10. f, i ; f, f ;
( - 5± v^

- 35)^ 4, ( - 5 + 1/ - 35)^ 4. 11. 7, 5 ; (2 + 12wi)-=-(l + m^), (2m+ 12^^)^ (1 +
m^) where ?>i= ( - 5± y'14) -=-11.

Examples : Page 27

1. One real root between -2 and -1, one between and 1 and one

between 3 and 4. 4. 51f c. ft. 7. 2'9, nearly. 8. 5 or -J. 9. k = 7, roots

3,5; ^=-1, roots-f-1, -1. 11. 2, - 14, -6±i/ -54. 12. ( -3± v/102)-r-2,

{3,-6}. 13. 3, I, (7±v/13)^6. 14. 1, h(m

±

v/^n^ - 4) where m= (-l±

l/5)-2.

15. ± 1, ± i/«i where 7>i= ^( - 1+ i/ - 3). 16. 3, 5
; f|, - ff . 17. 1, 5 ;

5,1; 2, 3; 3, 2. 18. ±2, +3; ±8/ -1, +5]/ -1. 19. 0,0; V, 7 ; "4,2.

20. 1, 3 ; 3, 1 ; 2+ 5;/ -1, 2 + 5^/ - 1. 22. - 14. 23. 20 ct. a doz. 24. 150

mi. 25. Line bisected. 27. Equally.

Examples : Page 37

1.7:4 or 5:3. 2.-3. 3. 7. 4. ab:ab'. 5. 30. 17. ±3, ±5, ±11.

18. 0, 0, ; 3, 2, 1. 19. 2, 3, 4.

Exercises : Page 45

1. a=^. 2. a= %^r\ 3. r= 6. 4. 816 ft. 5. 22315 daya

Exercises : Page 50

l,v= lhh. 2. 'y=31416 r^/i ; 197-9208. 3. 5319^/. 4. (1) ^=2;
(2) cc= l-5.

Examples : Page 51

1. t>2= 64-4s. 2. 0-0622 o/i7>is. 3. v^\hh. 5, a: and i/ sides of a right-

angled triangle remaining similar to itself. 6. a3= 14. 7. 'i/=12. 8. 1/= 1.

9. 1/
= 10-5. 10. 1-693 m. 11. 398125 ft. 12. cc : ly : : 3 : 4 or : : 4 : 3.

Exercises : Page 55

1. (1) 93,2n-l; (2) 283, 6n + l
; (3) -155, 33-4n; (4) -504,

107-13n. 2. 53-h48 + 43 + ;.-57, -2. 3.3,12,21. 4.30. 11.09.

13. 0.
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Exercises : Page 58

1. 36,53,...., 206. 2. 13, 9, . . . . ,-3. 3. {{n-r+ l)a + rb} ^(yi + 1).

4. 13i, 15i, , 22§.

Exercises : Page 60

1. (1) 8533; (2) 1510| ; (3) -689; (4) 53; (5) (53a + 13786) ^6".

2. (1) 2)1^ + 7^; (2) ^(6hi-5n^); (3) |(5H2 + 15n). 5. 4 or 8. 6.5.

7. 8. 8. 7. 9. 13. 10. ^(5r^ + 19r). 11. -52} -40} -29- ; 2405.

13. 10,465. U. 14r + 4. "l5. 5,8,11. 16. 29 + 35 + 41 + ; 14. 17.

-17-15-13 19. 161^2

Exercises : Page 64

1. (1) 58, 5^-M (2) 7.2«, 7.2''-^ (3) 2+ 3^, 2-^3'»-i
; (4) 1+ 2^,

l-r2«-M (5) l + 2^ (-ir-i + 2''-i.
2. a= 480, r= ^;

480+2ie. 3.12,24,

48. 4. r= 27. 9. li 10. r=b\

Exercises : Page 66

1. 21, 63, 189. 2. 35, 245 3. 24, 144

Exercises : Page 68

1. (1) 4(5^-1); (2) K7-7-^«); (3) U2+ 2-^); (4) 1+1(1^;
(5) a(l-a2")+ (l-a^). 2. (1) 4''-l; (2) 12-12+ 2"; (3) § - ( - 1)H
+ 3" ». 3. (x'»-j/") + (x-j/). 5.n + 2(x'*-l)-^x''{x-l) + {x-^-l)-rX^\x^-i).

6. 9.12.16. 7. 17, 51, 221; ^f^ -5|5, ip, g. 48, 72, 108. 10. 1st term

^(r - 1 ) ; ratio r. 12. -V(10" - 1) - n. 13. { a2(a'' - 1)+ (a - 1) - 6-'(6'» - 1) +
(6-l)}-^-(a-6).

Exercises : Page 73

1. (1) I; (2) 3; (3) |. 2. (1) 15; (2) 3^; (3) 21. 5. r=f.

6' h ffVs' ifiM" 7. Area of original square.

Exercises : Page 76

1. $1473-17. 2. ai484-12. 3. $4069-10. 4. 63000. 5- $1849-34.

6. $786018.

Exercises : Page 78

1. 105, - 105, - 35, - 21. 2. 6 and infinity. 3. 840, 420, 280.

Exercises : Page 80

L 12, 15. 2. 7^ 6, 4|. 5. pq^(p + q).
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Exercises : Page 82

1. n(4?i'-l)-r3. 2. n(n+l)(n + 2)^3. 3- 2n(n+ l) (2n4-l)-=-3.

4. ni4n^+ 17n+ 21) -7-2. 5. oia'+ n{n-l)ab + n(n-l) {2n- l)b'^^6.

Exercises : Page 84

1. ?i2(2>i'-l). 2. n(?i + l)(n + 2)(n+ 3)^4. 3. 2n\n-{-iy. 4. n(H4-l)

(9n2+ 23?i+ 13)^6. 5. iia^+ ^n{n+ l) .3a^b+^n{n+ l) {2n-\-l)ab^-\-^n'

{n-\-lfb\

Exercises : Page 85

1. (l-a;")-^(l-ce)2-na;"^(l-x). 2. 6 - l-^2'»-»- (2n- 1H2«-^ 3. 7^
(1 - x)-{-5x{l-x^-^)^{l - cc)^- (5?i + 2)x'»-^(l - x). 4. Change x to - a; in (1.).

Examples : Page 85

1. (1) 84, 96, 108
; (2) 93|, 117v\, 146|i ; (3) 120, 240, infinity.

2. 48, 80. 3. 9, 15, 21, 27. 5. (1) No number if a, 6, c are not in A.P.;

(2) {ac-b')-^{2b-a-c); (3) {2ac-ab- bc)^{2b - a- c). 7. 5n(n + l).

8. n(?^-l)(2^-l)-^3. 9. (1) 7i-^ + i^l0»; (2) 7^-^9-7^81 +7^
(SLIO**). 10. r(r^ + l)+ 2. 11. a(l-r«)+(l-r)wherer«+i= 6+a. 13. (1)

(l-r«)+(l-6)(l-r)-6(l-6"r")+ (l-6)(l-6r); (2) a:(l-a;«)+(l -a;) +
ia7i(n+ l); (3) 7i(n + l) (6)1^-271-1)+6. 14. (1 -a;)-^+ 2a;(l -a;«-^)(l -a:)-"^

-(71^+ 271-1) a;'»(l -x)-2+ 7i2cc«+i (1 - xy\ 18. 6 + c (27-- 1) ; an A.P. except

for the first term. 19. 4 + 12 + 20 + 20. (a^r-b^ r^) (r^" - 1)^ (r2 - 1)

Exercises : Page 89

1. (1) 3, 3
; (2) 3, 6 ; (3) 1, 6. 2. (1) 4, 4 ; (2) 6, 12 ; (3)

4, 24 ; (4) 1, 24.

Exercises ; Page 91

1. 120. 2. 14820309504000 ; 3991680 ; 40320. 3. 840. 4. 3024 ; 1680
;

336. 5. 4536 ; 504. 6. 6561. 7. 259. 8. 144.'\ 9. 28800. 10. (1)

362880; (2) 40320; (3) 20160. 11. 2903040. 12. 2880.

Exercises : Page 93

1. 324632. 2. 35, 126, 1. 3. 455. 4. 18. 5. 35. 6. 7i(7i-l) (n-2)-f-3

!

7. 2204475. 8. 14, 90. 9. 21627587520; 152922336. 11. 756756. 12. 126126.

13.25200. 14.6300. 16. {n(H - l)(7i- 2) -^j^^- 1)0-2)} -r3 ! 18. n(7i-l)

(7i-2)(7i-3)-f8. 19. 8. 20. 30. 22. 7200; 4320.
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Examples : Page 97

1. (1) 15120; (2) 59049 . 210, 1680 ; 729, 6561. 2, (p+ l){q+ l)-l.

3. 1470, 89. 5. (m + n-2)!-^{(m-l)!.(7i-l):}. 6. 800. 7. (j> + l)\

^{nl{p-n+ l)\}, 8. (1) 495; (2) 35; (3) 10.

Exercises : Page 100

3. 10, 16, 18.

Exercises : Page 102

2. 6: aV^(3! 3 1); 20! xV°^(10 ! 10 !) ;
- 14 ! (2ay(Syy-^{7 \ 7!);

77a;6J/6-^3888. 3. 5 ! {2af(3by^{3 ! 2 !), - 5 ! {2a)\3bf^2 ! 3 ! ; -2S\ x^^

y''M12 ! 11 '.), 23 ! x^y^-^(ll ! 12 '.) ; 17 ! x^y^^9 18:, - 17 ! x^^y^'^-^S ! 9 !.

4. ( - iy7i ! :>f^(n -r)l r\; ml 3'"a:'--T-(?R - r) ! r ! ; ( - l)'-n ! a"-'-2^a;'--7-(n - r)

!

r!

Exercises : Page 108

1. (1) X-; (2) (-lyx^; (3) (r+ l)a;'-; (4) (r+ l)(r+ 2)ir'--^ 1.2
;

(5) (r + l)(r+ 2)(r+ 3)a;'--^ 1.2.3; (6) m(m + l) (m+ r-l)a:''-=-1.2.3 r.

2. -1.3 (2r-3K^(2.4 2r) ; 1.3 (2r- l)x^^(2.4 2r)
;

(-l)*"

1.3 (2r-5)3a?a;'--^(2.4 2r.a') ; 5.6 (r4-4)(2a)-53'-a;'--f(1.2 r.

2''a'-). 3. -9.7.5.3a:«^2.4 12. 5. (-l)'-'2.5 (3r-4)a"'-^3.6 37-;

(-1)'^.5 (3r-l)a:'--rrl; 1.6.11 (5r-4)x'-H-(5.10 5r). 6. {r+ iy-,

2r-'+ 2r+ l; 8r-4. 8. (-l)M»i + l) (n+ r-l)-rr!. 10. (1) {1-^)"';

(2) (l + i)-i; (3) (l-fH; (4) (1-|)-|.

Exercises : Page 110

1. 4-89898 ; 8-94427 ; 248998 ; 14-9666; 34-9285. 2. 3-97906; 984886;

0-14586; 2 99256; 0198945. 3. 0000026. 4. l-x] Hft^; i + ^TS^l

Exercises : Page 116

1. (1) 6th and 7th
; (2) 1st

; (3) 4th, 6th and 7th
; (4) 3ra and

4th. 2. (1) 5th and 6th
; (2) 8th

; (3) 24th and 25th
; (4) 19th.

Examples : Page 117

1. (-l)"(2n) :^(n! n!). 5. 2" ; 2«(n + r+ l)-n2«-^ 6. (1) ^^5^-2
;

3^-=-2^-l. 7. 2'»(?l + r)-n2''-^ 10. - x»'-f(l -a;)
;

{(n+ 1) aj^-njC+ij-v-

Cl - o:y. 12. 25 :-^(5 ! . 7 ! . 13 !). 14. n()i - 1) (4h2 + 16h - 21) -r 6.
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Miscellaneous Examples : Pace 123

I. 2. (3x-5) (2x + 3), {3x-Dij){2x-7ij\ (x +4+ v/7) (^ + 4- v/7),

[a; + (6^2+/13H-2)i/][x + (5^2-i/13-^2)j/], 2(:r-3-=-4+ v/65-r4)(x-3^4

-y65^4), [2x-(11^4- v'41^4);/] [2.^ - (ll-^44- 1/41 -^4)(/]. 3. (1)

2023344 ; (2) 160185
; (3) 3011000000011

; (4) 2etzQ. 4. 3, - 10,

(-7±V^159)-f-2.

II. 3. (1) 14316; (2) 1152; (3) 116112; (4) 4523. 4. 1, -U,

(-ll±v/-199)-^4.

III. 2. ix + 2y+ 3){3x-\-oy + 8), (2x-3y+ 4z) (3x + 4:y -7z). .^ 3^ (1)

149378; {2) 5z-tzt
; (3) 2iete9

; (4) e96-18 ; 48-236; (5) 833^''; '^537.

1

4. 1, -11^2, (-9±^/-159)-^4.

IV. 4. -2, -^, (19±i/-215)-4-24.

V. 2. {l-ax){l-ax-cx^), (x -c)(ax + bi/) (ax-hy), (a + d)(a'^-\-bc + ca

+ ab). 3. 23, 56, 123, 3^6. 4. 2, *- 12, '-4± ^^12.

VI. 3. 7. 4. (5, 3), (-5, -3), (3?, -5/), (-3/, 5/).

VII. 1. p'-2q, f-3pq, jy'-4:p^q+ 2q\ p^ -5p\i + 5pq\ 2. (x^+ xy

+ y^) {^^ -xy-\- y^)
;

(x' -(r-ab- b') {x'+ a' -ab + //^ ; (1 - :*.•) (1 + x) (1 + a; + y
-xy)(l-x + y+ xy); (a' + b'){x'+ y')(b^-a^)(x' - y^). 4. (5, 4), (1, 8).

VIII. 4. (3, 2), (-17^9, -34^27), [(45 ± ^ 33849) ^78, 45 ± ^
33849)^104].

IX. 2. (a + 6 + c)(6 + c-a)(c + a-6)(o + t-c0, {b-[-c + d-a)(c + d + a-b)
(d + a + b-c)(a + b + c-d). 4. ih i), (i i), (-1, i), ih -!)•

X. 4. [(7n±|/m2-12)-^2, (m+ /m'^-12)-!-2] where m= (7 + t/17)^2.

XL 2. (1) (c-6)(a-c)(6-«); (2) 3{y+ z){z+ x){x + y) ; (3) 3{y-z)

(z-x){x-y). 4. f, I, -2, -^.

XII. 4. (m±V"i'-4)^2 where m= (l±v^5)^2.

XIII. 2. (1) {c-b)(a-c){b-a){a + b + c); (2) 12xyz{x + y+ z). 4. 2,

XIV. 1. ax2+ 26ra + r2c = 0. 2. (1) (c - ?>) (a -c) (6-a)(6c + ca + a6)
;

(2) (c-6)(a-c)(6-a)(a2+ 6'^+ c2 + 6c + ca + rt6). 3. Those whose denomin-

ators are of the form 2^. 3". 4. 4, - i, 2, - 1.



ANSW:ERS 195

XV. 2. (l){b + c)(c + a){a + b); (2) (c-h) (a-c) (b-a) (a + b + c); (3)

80xyz{x^+ if+ z-). 4. 4, - ^^Q, (1± ^/1G6)^3 ; the last two values satisfy

the equation only if the square root appearing in it is taken negatively.

XYI. 3. n--2^/6^-^9^/6. 4, (3, 4), (4, 3), ( -6±2 ^6, - 6 + ^6).

XVII. 3. (1) -4u; (2) 8h + 1; -n(-l)". 4. (2, 3), (3, 2), (1, 5),

(5, 1).

XVIII. 3. y= 2x + x\ 4. (2, 3), (-2, -3), (v/6, v/6), (-y/G, - ^6).

XIX. 2. 7-3. 4. (3, 2), (3c., 2u\ (3a,^ 2c.2), (2, 3), (2a,, 36;),

(2w , 3^;-). 5. y : z= ~ amn±W{- bcP - cam^ - abit^) : am^+ 6^^ etc.

XX. 3. 3:2. 4. (4, 1), (I, 4), [(5± i/^l5y)^2, (6 +
v/

"^^169) ^2].

5. pb^-2qab + ah-= 0.

XXI. 1. (]) (x--a)(a;-6)= 0; (2) (x-a)» + (i/- 6)'+ (z-c)2= 0.

2. (3±v'o)-^2. 3. 13. 4. (i/&c, /ca, t^a6), (]/6c, - /ca, - i/a6),

(-v/?)c, |/ca, -y/ab), {—y^bc, - i/ca, yab).

XXII. 5. 4(a'6 - «?)') (6'c - 6c') - (ac' - a'cf= 0.

XXIII. 1. a = l, 6 = 2, c=-3; J_ + _^ - _?_ .

a; + l x + 2 x+3

4. (0, 0, 0), (4, 5, 7). 5. -, = I = S.
a c

XXIV. 3. i/5 + v^3, 1/6-V/5, v(¥)+/(^). 4. (0, 0, 0), (2, 1, 3).

5. 27(6c'

-

b'c) (ab' - a by - {ca' - cay = 0.

XXV. 1, -A - _L + J_, 2+-^ + J-, 1

a;-3 a: -4 a:
-6'

a: + 3 ic - 1' (a-6)(a -c)

-i- + + 3. d = 3. 4. (0, 0, 0), [a\b'^ -{-
c' - a%

X — ci

t2(c2 + a2 _ ^2)^^ ^-'(,,2 _^. ^,2 _ ^2)^-|^ ^here Z^ = 2 -=- (6^+ c^ - a') (c' + a'- b^)

(a^ + h-^-c').

XXVI. 3. 3 + 2i, 4-3i. 4. (2,3), (3, 2), [(5±v/41)-2, (5 + ^^41)

-^ 2]. 5. (6c' - b'cy (ab' - ab) - {ca - c'ay = 0.

XXVII. 4. (9, 3), (3, 9), [(13± V^^)^2, (13+ V^:^)-^2]. 5, x'

+ j/2= a2+ 6-.

XXVIII. 1. x}+ 2px' + p-'x-^q'^Q. 4. (3, 2), (2, 3), (4±v/10,

4 + i/ 10). 5. A:* ;6\-2 - a^d'O' + abc'd'iab-" - at^^ - 2/:-6) {ba'' - bc^ - 2k'a)= 0.

XXIX. 4. (2, 3), (3, 2), [(-5±v/89)-2, (
- 5 + 1/ 89) -h 2].

XXX. 1. x' + {p-2h)x+ h--ph + q = 0.
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XXXI. 4. (7, 9, 11), (-7, -9, -11), [(±27±2v/-3)-=-3, etc., etc.].

XXXII. 1. 5, ^5; for|§>a;>f; for a: > $1 and o: < § ; min. is

- 35721 -- 2r.O. 4. (2, 3, 4), (-2, -3, -4).

XXXIII. 4. X : 1/ : 2 : 1 : : rt' (6- + c^) : /^V + «') = c'V + b') : ±2a6c.

XXXIV. 1. l>3:>-f; max. = 245 -!- 100. 4. j:-y + z=±i/
(a'-6'+c-), etc.

XXXV. 3. n'-n + l; n\ 4. (3, 4, 5), (-3,-4,-5).

XXXVI. 4. (1)G:-2.5!; 144.

XXXVII. 3. 1296, 784. 5. 495 ; 1680.

XXXVIII. 1. {a + bj'^8, for x = (a + h)^4:. 3. 2 values ; 3 values

;

6 values. 4. 44 ; 77. 5. [22" - (2n) \ ^ {n \ . n !)] -^ 2.

XXXIX. 3. (1) 2n(n + l)(2n + l) + 17n(H + l)^2 + 6n. (2) 60[h(n + l)

-=-2]-'+145n(/< + l)(2n + l)^6 + 115n(?i + l)-f-2 + 30H.

XL. 1. oc>,H>3. 2. (1) 27 for x= -2; 3>a:>-7. (2) 3^ for

«=i; t>'*^^> -1- (3) -J for a3=|; 3 > .k > 2. (4) -6| for x^3^
;

5>x>l^. (5) a^-=-2 for x = a-f-v/2; x'' <a\ 3. x^+y^+ z^+3yh
+ 3yz' + Sz^x + Szx-'+ 3x'y + 3xy^-21xyz^0. 4. 12 ! -^ ^3 ! . 3 ! . 3 ! . 3 ! . 4 !).

5. l+fa: + %3a;2+ 255^3. 1 + 3^. + 1^3 -^2+ 2^1^^,

XLI. 1. (1) 2x+ 3; (2) A^-1^ +B^I1^. 2. 2a\ 3. n*^2-
a - 6 6 - a

w(n + l)(2n + l)^3 + n(n + l)-?i^2. 4. iAa»i-;i02= (ai>2_cZ2)(aw'-2Wm

+ 60-

XLII. 1. 1, for x=-l. 2. The isosceles triangle. 3. 800. 4.

(3?i)!^(n! . n! . x! . 3!).

XLIII. 1. (1) ix2-3ix- + 4; (2) ?(^Z^I(^Zf) + m^-^-^^:i^> + n
(a - 6) (a - c) (6 - c) (6 - a)

(a;-a)(a;-b)
^ 2. When x^.y. 3. (1) 4^ -(4n - 3)-2.3"'' - 1^3"-'. (2;

\c — a){c — 0)

a; -f (r - 1) - (x+ nt/ - i/)-j-r"(r - 1) + |/-^(r - 1)^ - 1/ -^ r^'V - 1)'.

XLIV. 1. max. =3, min. =^. 2. When the perpendicular is drawn
from the mid-point of the base. 4. n(n - 1) (n - 2) (u - 3) (n - 4) {2n - 1).

5. 3/1,. 2 . 3! . 3!

XLV. 2. When the triangle is isosceles. 4. (62-ac)-=-a2 = (6'2-a'c')

-^a'^ 5. Coefficient of ic'".
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XLYI. 1. (1) max. =1^5 min. =3. (A maximum is greater than

neighboring values of the function ; it may be less than a minimum of the

function. The graphic representation exhibits this fact very strikingly).

(2) max. = 1^, mill. = 2. 3. 10 per cent. 4» Remove restriction one person

in each room ;
4^^^ ^ o*.

XLVII. 1. A = ^, B = ^, C = ^, D = 0. 2. The geometrical centre.

A a h c

a c

XLYIII. 2. 24sq. in. 3. (3, 5), (Sw, 5a;), (3(A 5a;-). 4. 18!^[(2!)3.

(3!)*. 3! . 4!]. 5. 3^3.

XLIX. 1. A = 2, B = 2, C = l, D=-l, E = 0. 5. (r-l)(r-2)

(r-m + 1) -^ (m- 1) ! , for r= ^, r= - |, r-- - |.

L. 1. mn (^/2 - 1) where m and n measure the sides AB and BC.

4. (p + 2n)l ^ [2)1 . n\ . n\ 21].

LI. 1. f= hc, g'= ca, h'= ab. 2. 2 ft. 4. abc- a' - b'-c^-\- 2 = 0.

5. ( v/ 29 + 5)'"+ ( y 29 - 5)2" is the first integer in excess.

LII. 2. That with edges all equal.

LIII. 2. The cube. 4. l' + m*-nH''-n'm'= 0. 5. (n+ l)l

LIV. 4. (7n + ?i) !^(?H ! n !).

LV. 2. 12^f, 9^. 4. (62 4-c2-a2)(c' + «^-6')(fr+ ?r-c2) = 8d«.

4 , . _ p a-" (?i4-l)x"-nx"+^ rn^-\-3n+ 2 „r?i'+3?i+:
L -1.2

^''^-
^•sVa'^' - - - i-x (1-.).

-n(n+2).:
_^(H+ 1)^' 1-^(1 -x)3.

1.^ —I

LVII. 2. -7r>-3. 4. «" + 62 + c2-a6c-4-0. 5. (71 + I) (7i+ 2)(7t + 3)
81

(n + 4) (71 + 5) -^60.

LVIII. 4. (m + l)(m4-2)-^2. 5. The third.

LIX. 2. When the radius of the base is two-thirds that of the base of

the cone. 4. a'^+ 6'^ + c--a6c - 4= 0.

LX. 2. When the radius of the base is one-half tiiat of the base of

the cone.
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Additional Miscellaneous Examples : Page 171

I. 1. 0, 4, 2 ± y/ ^. 4. ahc + 2f(jh - ap - hxf- - ch^= (Read 2 hxy).

5. (i) {m + n) I -f (m ! . 7i
'. ) ;

(ii) {n + 1)"*.

XL 1. (-3, -2), (-i, -i).

III. 5. 2{m-l)l CH-l)!^[(r-l)! (r - 1) ! (m-r)\ (m-r)\l

IV. 1. x-a=y-b = z-c= -{a + h + c)^3. 3. Max. 4 for x = 2, min.

10 for x- 8. 5. Coefficient of a-*"- Mil (1-x)"- 2.

v. 1, oc. 3. The cone whose heiglit is double the diameter of the

sphere. 5. 7i(n+ l) (n+ 2) (?i + 3)^12.

VI. 1. One root becomes oc , the other becomes -c-^26. 4. 5758 tt ft.

VII. 1. TakeiKi/+i = u, - + '^ = 0. 5. (1) Twice coefficient
xy y X

of jC'-Mn (H-x)«(l-3c)"^ (2) 2'*7i2.

VIII. 1. {ax + by)(ax + cz) = a\ etc.

IX. 4. - 8m^ Sm-" + 8m+ 1, - ( - iy2n^ -H ( " l)"i 5. Sum of co-

efficients from that of x^"* on in expansion ol {l+x + x'^ + +x*'")'.

X. 2. Square, and see Ivii, Ex. 4. 3. (1) ^^ ; (2) 4.

XI. See lix, Ex. 4.

XII. 1. (x + 2y+ z)(x-\-y-i-2z) = a^, etc. 3. Find max. of (x-l),

m(x-2).')i(7 -x) where the multipliers are to make the factors equal and
sum constant. Then 1 +m - ?i= 0, m= (x - 1) -^ (x - 2), n= (x - 1) -f- (7 - x)

;

whence (x - 2) (7 - x) + (x - 1) (7 - x) — (x — 2) (x - 1)= ; this gives the values

of x which make the function a maximum or a minimum.

XIII. 4. 24 ; 6.

XIV. 4. - - 7- z + \ ^
' - —7i

- etc. 5. [«**+''
X 1 x + 1 1.2 X4-2 •-

(c-6)+ + ]-[(&-c)(c-«)(a-6)].

XV. 2. (a'+ 6'+ c»+ a6c)(a3 + 63+ c3-3a6c) = 0. 3. The cylinder with

height equal to radius of base. 5. n{n - 1) {n - 2) (n - 3) ^ 24 ; n{n - 3)

(n-4)(n-5)-j-12.
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XVI. 2. a(2y''-qr) + h(q^-rp) + c(r'-pq)^0. 3. Distance of chord

from centre is 7--i-i 2. Discuss the case in which the given point is nearer

the centre than this distance. 4. j[2u + l - (
- 1)°].

XYir. 1. X : a*-6-c2 : : 1/ : 6*-cV ; : :: : c^-a-h\

XYIII. 3. (a) 2a^-^27
;

(b) If sides are 2a and 26 max. corresponds

to a cutting of side x^(a+b- i/a^+ b^ -ab)-^^- 5. n{n + 1) -i-2 + 1.

XIX. 2. a\v' + bh/ = lma'b\

XX. n{7i -1) {4:11 -b)^(j.












